
Chapter 4

Lagrangian mechanics

Motivated by discussions of the variational principle in the previous chapter, to-
gether with the insights of special relativity and the principle of equivalence in
finding the motions of free particles and of particles in uniform gravitational fields,
we seek now a variational principle for the motion of nonrelativistic particles sub-
ject to arbitrary conservative forces. This will lead us to introduce Hamilton’s
principle and the Lagrangian to describe physical systems in mechanics, first
for single particles and then for systems of particles. Throughout, we start peeking
into examples of this new technology. All this is to set the stage for a discussion
of symmetries and their related conservation laws in the following chapter.

4.1 The Lagrangian in Cartesian coordinates

At the end of Chapter 3 we reached the intriguing conclusion that the correct equa-
tions of motion for a nonrelativistic particle of mass m in a uniform gravitational
field can be found by making stationary the functional

I !
Z

dt

✓
1
2
m v2 � U

◆
=
Z

dt (T � U), (4.1)

where

T ⌘ 1
2
m v2 (4.2)

is the particle’s kinetic energy and

U = mgy (4.3)
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138 CHAPTER 4. LAGRANGIAN MECHANICS

is its gravitational potential energy. It was the di↵erence between the kinetic and
gravitational potential energy that was needed in the integrand.

Now suppose that a particle is subject to an arbitrary conservative force for
which a potential energy U can be defined. Does the form

I !
Z

dt

✓
1
2
m v2 � U

◆
=
Z

dt (T � U) (4.4)

still work? Do we still get the correct F = ma equations of motion?
Let us do a quick check using Cartesian coordinates. Note that if U = U(x, y, z)

and T = T (ẋ, ẏ, ż), then the integrand in the variational problem, which we now
denote by the letter L, is

L(x, y, z, ẋ, ẏ, ż) ⌘ T (ẋ, ẏ, ż)� U(x, y, z) =
1
2
mv2 � U(x, y, z), (4.5)

where v2 = ẋ2 + ẏ2 + ż2. Writing out the three associated Euler equations, we get
the di↵erential equations of motion

@L

@x
� d

dt

@L

@ẋ
= 0,

@L

@y
� d

dt

@L

@ẏ
= 0,

@L

@z
� d

dt

@L

@ż
= 0, (4.6)

which are exactly the three components of F = ma,

F x = mẍ, F y = mÿ, F z = mz̈, (4.7)

since F = �rU , i.e. F x = �@U(x, y, z)/@x, etc. The quantity

L = T � U (4.8)

is called the Lagrangian of the particle. As we have seen, using the Lagrangian as
the integrand in the variational problem gives us the correct equations of motion,
at least in Cartesian coordinates for any conservative force!

4.2 Hamilton’s principle

We now have an interesting proposal at hand: reformulate the equations of motion
of nonrelativistic mechanics, F = dp/dt, in terms of a variational principle making
stationary a certain functional. This has two benefits:

(1) It is an interesting and intuitive idea to think of dynamics as arising from mak-
ing a certain physical quantity stationary; we will appreciate some of these aspects
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in due time, especially when we get to the chapter on the connections between
classical and quantum mechanics;

(2) This reformulation provides powerful computational tools that can allow one
to solve complex mechanics problems with greater ease. The formalism also lends
itself more transparently to implementations in computer algorithms.

The Lagrange technique makes brilliant use of what are called generalized co-
ordinates, particularly when the particle or particles are subject to one or more
constraints. Suppose that a particular particle is free to move in all three di-
mensions, so three coordinates are needed to specify its position. The coordinates
might be Cartesian (x, y, z), cylindrical (r,', z), spherical (r, ✓,'), as illustrated
in Figure 4.1, or they might be any other complete set of three (not necessarily
orthogonal) coordinates.1

A di↵erent particle may be less free: it might be constrained to move on a
tabletop, or along a wire, or within the confines of a closed box, for example.
Sometimes the presence of a constraint means that fewer than three coordinates
are required to specify the position of the particle. So if the particle is restricted
to slide on the surface of a table, for example, only two coordinates are needed.
Or if the particle is a bead sliding along a frictionless wire, only one coordinate
is needed, say the distance of the bead from a given point on the wire. On the
other hand, if the particle is confined to move within a closed three-dimensional
box, the constraint does not reduce the number of coordinates required: we still
need three coordinates to specify the position of the particle inside the box.

A constraint that reduces the number of coordinates needed to specify the
position of a particle is called a holonomic constraint. The requirement that
a particle move anywhere on a tabletop is a holonomic constraint, for example,
because the minimum set of required coordinates is lowered from three to two, from
(say) (x, y, z) to (x, y). The requirement that a bead move on a wire in the shape of
a helix is a holonomic constraint, because the minimum set of required coordinates
is lowered from three to one, from (say) cylindrical coordinates (r,', z) to just z.
The requirement that a particle remain within a closed box is nonholonomic,
because a requirement that x

1

 x  x
2

, y
1

 y  y
2

, z
1

 z  z
2

does not reduce
the number of coordinates required to locate the particle.

1Note that in spherical coordinates the radius r is the distance from the origin, while in
cylindrical coordinates r is the distance from the vertical (z) axis. Because these rs refer to
di↵erent distances, some people use ⇢ instead of r in cylindrical coordinates to distinguish
it from the r in spherical coordinates. However, retaining the symbol r in cylindrical
coordinates has the great advantage that on any z = constant plane the coordinates (r,')
automatically become a good choice for conventional planar polar coordinates.
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Cylindrical SphericalCartesian

Figure 4.1: Cartesian, cylindrical, and spherical coordinates

For an unconstrained particle, three coordinates are needed; or if there is a
holonomic constraint the number of coordinates is reduced to two or one. We call a
minimal set of required coordinates generalized coordinates and denote them by
qk, where k = 1, 2, 3 for a single particle (or k = 1, 2, or just k = 1, for a constrained
particle). For each generalized coordinate there is a generalized velocity q̇k =
dqk/dt. Note that a generalized velocity does not necessarily have the dimensions
of length/time, just as a generalized coordinate does not necessarily have the
dimensions of length. For example, the polar angle ✓ in spherical coordinates is
dimensionless, and its generalized velocity ✓̇ has dimensions of inverse time.

Having chosen a set of generalized coordinates qk for a particle, the integrand
L in the variational problem, where L is the Lagrangian, can be written2

L = L(t, q
1

, q
2

, .., q̇
1

, q̇
2

, ...) = L(t, qk, q̇i) (4.9)

in terms of the generalized coordinates, generalized velocities, and the time.
We can now present a more formal statement of the Lagrangian approach to

finding the di↵erential equations of motion of a system.
Given a mechanical system described through N dynamical coordinates labeled

qk(t), with k = 1, 2, . . . , N , we define its action S[qk(t)] as the functional of the

2Here, we are assuming that the Lagrangian does not involve dependence on higher
derivatives of qk, such as q̈k. It can be shown that such terms leads to di↵erential equations
of the third or higher orders in time (See Problems section). Our goal is to reproduce
traditional Newtonian and relativistic mechanics which involve second order di↵erential
equations.
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time integral over the Lagrangian L(t, q
1

, q
2

, ..., q̇
1

, q̇
2

, ...), from a starting time ta
to an ending time tb,

S[qk(t)] =
Z tb

ta

dt L(t, q
1

, q
2

, ..., q̇
1

, q̇
2

, ...) ⌘
Z tb

ta

dt L(t, qk, q̇k) . (4.10)

It is understood that the particle begins at some definite position (q
1

, q
2

, ...)a at
time ta and ends at some definite position (q

1

, q
2

, ...)b at time tb. We then propose
that, for trajectories qk(t) where S is stationary — i.e., when

�S = �

Z tb

ta

L(t, qk, q̇k) dt = 0 (4.11)

the qk(t)’s satisfy the equations of motion for the system with the prescribed
boundary conditions at ta and tb. This proposal was first enunciated by the Irish
mathematician and physicist William Rowan Hamilton (1805 – 1865), and is called
Hamilton’s principle.3 From Hamilton’s principle and our discussion of the
previous chapter, we get the N Lagrange equations

d

dt

@L

@q̇k
� @L

@qk
= 0. (k = 1, 2, . . . , N) (4.12)

These then have to be the equations of motion of the system if Hamilton’s principle
is correct.

Consider a general physical system involving only conservative forces and a
number of particles — constrained or otherwise. We propose that we can de-
scribe the dynamics of this system fully through Hamilton’s principle, using the
Lagrangian L = T � U , the di↵erence between the total kinetic energy and the
total potential energy of the system — written in generalized coordinates. For
a single particle under the influence of a conservative force, and described with
Cartesian coordinates, we have already shown that this is indeed possible. The
question is then whether we can extend this new technology to more general situ-
ations with several particles, constraints, and described with arbitrary coordinate
systems. We will show this step by step, looking at explicit examples and gener-
alizing from there. There are three main issues we would need to tackle in this
process:

3It is also sometimes called the Principle of Least Action or the Principle of
Stationary Action. This can be confusing, however, because there is an older principle
called the Principle of Least Action that is quite di↵erent. In this book we will call it
“Hamilton’s principle”.
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1. Does changing coordinate system in which we express the kinetic and po-
tential energies generate any obstacles to the formalism? The answer to
this is negative since the functional we extremize, that is the action, is a
scalar quantity: its value does not change under coordinate transforma-
tions qk ! q0k

S =
Z

dt L(t, qk, q̇k) =
Z

dt L(t, q0k, q̇
0
k) . (4.13)

The coordinate change simply relabels the location of the extremum of the
functional; that is, the path at the extremum transforms as well qsol

k (t) !
q0sol

k (t) with q0sol
k (t) being at the extremum of S expressed in the new coor-

dinates. Hence, we can safely perform coordinate transformations as long
as we always write the Lagrangian as kinetic minus potential energy in our
preferred coordinate system.

2. Constraints on the coordinates are due to forces in the system that restrict
the dynamics. For example, the normal force pushes upward to make sure a
block stays on the floor. The tension force in a rope constrains the motion
of a blob pendulum. Can we be certain that these forces should not be
included in the potential energy that appears in the Lagrangian? To assure
that this is the case, we need to ascertain that such constraint forces do
not do work, and hence do not have any net energetic contribution to U .
This is not always easy to see. We will demonstrate the mechanism at work
(no pun intended) through examples. Later in Chapter 7, we will unravel
the problem in detail to tackle more complex situations.

3. Finally, should we expect any obstacles to the formalism when we have more
than one particle? Do we simply add the kinetic and potential energies of the
particles? With more than one particle, shouldn’t we worry about Newton’s
third law? We will see soon that the Lagrangian formalism incorporates
Newton’s third law and indeed can handle many-particle systems very well.

The punchline of all this is that, for arbitrarily complicated systems with many
constraints and involving many particles interacting with conservative forces, the
Lagrangian formalism works and is very powerful. Newton’s second law follows
from Hamilton’s principle, and the third law arises, as we will see, from symme-
tries of the Lagrangian. How about the first law? That is indeed an important
potential pitfall: one should always write the kinetic energy and potential energy
in L = T �U as seen from the perspective of an inertial observer. This is because
our contact with mechanics is through the reproduction of Newton’s second law,
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F = ma — which is valid only in an inertial frame. With this in mind, we now
have a proposal that reformulates Newtonian mechanics through a new powerful
formalism. How about relativistic mechanics? We will see that is also encom-
passed by this formalism by simply replacing the non-relativistic kinetic energy in
the Lagrangian with its relativistic counterpart!

It is important to emphasize that the Lagrangian formalism does not introduce
new physics. It is a mathematical reformulation of good old mechanics, non-
relativistic and relativistic. What it does give us are two things: Powerful new
technical tools to tackle problems with greater ease and less work; and a deep
insight into the laws of physics and how Nature ticks, and linking the classical
world to the quantum realm.

EXAMPLE 4-1: A simple pendulum

A small plumb bob of mass m is free to swing back and forth in a vertical x-z
plane at the end of a string of length R. The position of the bob can be specified
uniquely by its angle ✓ measured up from its equilibrium position at the bottom,
so we choose ✓ as the generalized coordinate. The bob’s kinetic energy is

T =
1
2
m v2 =

1
2
m (ẋ2 + ż2) =

1
2
m (ṙ2 + r2✓̇2) =

1
2
m (R2✓̇2) . (4.14)

Here, we switched to polar coordinates, and implemented the constraint equations
ṙ = 0 and r = R. Its potential energy is U = mgh = mgR(1 � cos ✓), measuring
the bob’s height h up from its lowest point. The Lagrangian of the bob is therefore

L = T � U =
1
2
mR2✓̇2 �mgR(1� cos ✓). (4.15)

The constraint reduces the dynamics from two planar coordinates to only one.
Our single degree of freedom is ✓. The single Euler equation in this case is

@L

@✓
� d

dt

@L

@✓̇
= �mgR sin ✓ � d

dt
mR2✓̇ = 0, (4.16)

equivalent to the well-known “pendulum equation”

✓̈ + (g/R) sin ✓ = 0. (4.17)

Equation (4.16) (or (4.17)) is the correct equation of motion in this case, since it
is equivalent to ⌧ = I ✓̈, where the torque ⌧ = �mgR sin ✓ is taken about the point
of suspension (negative because it is opposite to the direction of increasing ✓), and
the moment of inertia of the bob is I = m R2.
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We had two twists in this problem. First, we switched from Cartesian to polar
coordinates. But we know that this is not a problem for the Lagrangian formalism
since the action is a scalar quantity. Second, we implemented a constraint r =
R, implying ṙ = 0. This constraint is responsible for holding the bob at fixed
distance from the pivot and hence is due to the Tension force in the rope. By
implementing the constraint, we got rid of the tension force from appearing in the
Lagrangian. The reason we could do this safely is that the tension in the rope does
no work: it is always perpendicular to the motion of the bob, and hence the work
contribution T · dr = 0, where T is the tension force and dr is the displacement of
the bob. Thus, our potential energy U — related to work done by a force — was
simply the potential energy due to gravity only, U = mgh. In general, whenever a
contact force is always perpendicular to the displacement of the particle it is acting
on, it can safely be dropped from the Lagrangian by implementing a constraint
that reduces the degrees of freedom in the problem.

EXAMPLE 4-2: A bead sliding on a vertical helix

A bead of mass m is slipped onto a frictionless wire wound in the shape of a
helix of radius R, whose symmetry axis is oriented vertically in a uniform gravita-
tional field, as shown in Figure 4.2. Using cylindrical coordinates r, ✓, z, the base
of the helix is located at z = 0, ✓ = 0, and the angle ✓ is related to the height z
at any point by ✓ = ↵z, where ↵ is a constant with dimensions of inverse length.
The gravitational potential energy of the bead is U = mgz, and its kinetic energy
is T = (1/2)mv2 = (1/2)m[ṙ2 + r2✓̇2 + ż2]. However, the constraint that the bead
slide along the helix tells us that the bead’s radius is constant at r = R, and
(choosing z as the single generalized coordinate), ✓̇ = ↵ż. Therefore the kinetic
energy of the bead is simply

T =
1
2
m v2 =

1
2
m (ẋ2 + ẏ2 + ż2) =

1
2
m (ṙ2 + r2✓̇2 + ż2)

= (1/2)m[0 + ↵2R2 + 1]ż2 , (4.18)

where we switched to cylindrical coordinates and implemented the two constraints
✓ = ↵z and r = R. So the Lagrangian of the bead is

L = T � U =
1
2
m[1 + ↵2R2]ż2 �mgz (4.19)

in terms of the single generalized coordinate z and its generalized velocity ż. Our
single degree of freedom is then z. Note that in Newtonian mechanics we often need
to take into account the normal force of the wire on the bead as one of the forces
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Figure 4.2: A bead sliding on a vertically-oriented helical wire

in F = ma; the normal force appears nowhere in the Lagrangian, because it does
no work on the bead in this case — it is always perpendicular to the displacement
of the bead4. It is replaced through the implementation of the two constraints
in the system that hold the bead on the wire. These two constraints reduced the
dynamics from three degrees of freedom to only one. In general, whenever a normal
force is perpendicular to the displacement of a particle it is acting on, we can safely
drop it from the Lagrangian and instead implement one or more constraints.

EXAMPLE 4-3: Block on an inclined plane

A block of mass m slides down a frictionless plane tilted at angle ↵ to the
horizontal, as shown in Figure 4.3. The gravitational potential energy is mgh =
mgX sin↵, where X is the distance of the block up along the plane from its lowest
point. Using X as the generalized coordinate, the velocity is Ẋ, and the Lagrangian
of the block is

L = T � U =
1
2
mv2 � U =

1
2
mẊ2 �mgX sin↵, (4.20)

4In this simple case with a single normal force, the simplification is not very obvious.
However, in more complicated scenarios we shall get to, the advantages of dropping the
normal force from the Lagrangian — versus the Newtonian approach – will become more
apparent.
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Figure 4.3: Block sliding down an inclined plane

which depends explicitly upon a single coordinate (X) and a single velocity (Ẋ).
Our single degree of freedom is then X. The Euler equation is

@L

@X
� d

dt

@L

@Ẋ
= �mg sin↵� d

dt
mẊ = 0, or �mg sin↵ = mẌ, (4.21)

which is indeed the correct F = ma equation for the block along the tilted plane.
In this problem, we judiciously chose our only degree of freedom as X, the

distance along the inclined plane. We can think of this as a coordinate trans-
formation from x-y as shown in the Figure, to X-Y . We then have a constraint
Ẏ = 0, since the block cannot go into the plane. This constraints gets rid of the
normal force from the Lagrangian, since the normal force in this problem is always
perpendicular to the displacement of the block and thus does not work. We are
then left with one degree of freedom, X. Once again, the Lagrangian formalism
demonstrates its elegance and power by dropping out a force, and a corresponding
equation, from the computation by reducing the e↵ective number of degrees of
freedom.

4.3 Generalized momenta and cyclic coordi-
nates

In Cartesian coordinates the kinetic energy of a particle is T = (1/2)m(ẋ2+ẏ2+ż2),
whose derivatives with respect to the velocity components are @L/@ẋ = mẋ, etc.,
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which are the components of momentum. So in generalized coordinates qk it is
natural to define the generalized momenta pk to be

pk ⌘ @L

@q̇k
. (4.22)

In terms of pk, the Lagrange equations become simply

dpk

dt
=
@L

@qk
. (4.23)

Now sometimes a particular coordinate ql is absent from the Lagrangian. Its gen-
eralized velocity q̇l is present, but not ql itself. A missing coordinate is said to
be a cyclic coordinate or an ignorable coordinate.5 For any cyclic coordinate
the Lagrange equation (4.23) tells us that the time derivative of the correspond-
ing generalized momentum is zero, so that particular generalized momentum is
conserved.

One of the first things to notice about a Lagrangian is whether there are any
cyclic coordinates, because any such coordinate leads to a conservation law that
is also a first integral of motion. This means that the equation of motion for that
coordinate is already half solved, in that it is only a first-order di↵erential equation
rather than the second-order di↵erential equation one typically gets for a noncyclic
coordinate.

EXAMPLE 4-4: Particle on a tabletop, with a central force

For a particle moving in two dimensions, such as on a tabletop, it is often useful
to use polar coordinates (r,') about some origin, as shown in Figure 4.4. The
kinetic energy of the particle is

T =
1
2
m v2 =

1
2
m (ẋ2 + ẏ2) =

1
2
m
⇥
ṙ2 + (r'̇

⇤
2). (4.24)

Alternatively, we could have started in three dimensions in cylindrical coordinates
with the addition of a ż2, then use the constraint ż2 = 0 that gets rid of the normal
force being applied by the table onto the particle vertically. This force does no
work and can be ignored using a constraint.

5Neither “cyclic” nor “ignorable” is a particularly appropriate or descriptive name for a
coordinate absent from the Lagrangian, but they are nevertheless the conventional terms.
In this book we will call any missing coordinate “cyclic”.
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Circular
orbit

General closed orbit

Figure 4.4: Particle moving on a tabletop

We will assume here that any force acting on the particle is a central force, de-
pending upon r alone, so the potential energy U of the particle also depends upon
r alone. The Lagrangian is therefore

L =
1
2
m(ṙ2 + r2'̇2)� U(r). (4.25)

Our two degrees of freedom are r and '. We note right away that in this case the
coordinate ' is cyclic, so there must be a conserved quantity

p' ⌘ @L

@'̇
= mr2'̇, (4.26)

which we recognize as the angular momentum of the particle. In Lagrange’s
approach, p' is conserved because ' is a cyclic coordinate; in Newtonian mechan-
ics, p' is conserved because there is no torque on the particle, since we assumed
that any force is a central force. The various partial derivatives of L are

@L

@ṙ
= mṙ

@L

@'̇
= mr2'̇ (4.27)

@L

@r
= mr'̇2 � @U(r,')

@r

@L

@'
= 0, (4.28)

so the Lagrange equations

@L

@r
� d

dt

@L

@ṙ
= 0 and

@L

@'
� d

dt

@L

@'̇
= 0 (4.29)
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become

mr'̇2 � @U(r)
@r

�mr̈ = 0 and �mr'̈� 2mṙ'̇ = 0 (4.30)

or (equivalently)

F r = m(r̈ � r'̇2) ⌘ mar and F' = m(r'̈+ 2ṙ'̇) = 0, (4.31)

where the radial force is F r = �@U/@r and the radial and tangential accelerations
are

ar = r̈ � r'̇2 and a' = r'̈+ 2ṙ'̇, (4.32)

and where the tangential acceleration a' is zero in this case.6

In Example 3 of Chapter 1 we found (using F = ma) the equations of motion
of a particle of mass m on the end of a spring of zero natural length and force
constant k, where one end of the spring was fixed and the particle was free to
move in two dimensions, as on a tabletop. There we used Cartesian coordinates
(x, y). Now we are equipped to write the equations of motion in polar coordinates
instead. Equations 4.30 with F r = �kr and F' = 0 give

�kr = m(r̈ � r'̇2) and p' = mr2'̇ = constant. (4.33)

That is, since the Lagrangian is independent of ', we get the immediate first
integral of motion p' = constant. Eliminating '̇ between the two equations, we
find the purely radial equation

r̈ � (p')2

m2r3

+ !2

0

r = 0 (4.34)

where !
0

=
p

k/m is the natural frequency the spring-mass system would have
if the mass were oscillating in one dimension (which in fact it would do if the
angular momentum p' happened to be zero.) Note that even though the motion
is generally two-dimensional, equation (4.34) contains only r(t); we can therefore
find a first integral of this equation because it has the form of a one-dimensional

6Note how easy it is to get the expressions for radial and tangential accelerations in
polar coordinates using this method. They are often found in classical mechanics by
di↵erentiating the position vector r = rr̂ twice with respect to time, which involves rather
tricky derivatives of the unit vectors r̂ and ✓.
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Figure 4.5: The e↵ective radial potential energy for a mass m moving with
an e↵ective potential energy U

e↵

= (p')2/2mr2 + (1/2)kr2 for various values
of p', m, and k.

F = ma equation with F = mr̈ = (p')2/mr3�m!2

0

r. An e↵ective one-dimensional
potential energy can be found by setting F (r) = �dU

e↵

(r)/dr; that is,

U
e↵

(r) = �
Z r

F (r) dr = �
Z r ✓(p')2

mr3

�m!2

0

r

◆
dr =

(p')2

2mr2

+
1
2
kr2 (4.35)

plus a constant of integration, which we might as well set to zero. Therefore, a
first integral of motion is

1
2
mṙ2 +

(p')2

2mr2

+
1
2
kr2 =

1
2
mṙ2 + U

e↵

= constant. (4.36)

A sketch of U
e↵

is shown in Figure 4.5. Note that U
e↵

has a minimum, which is
the location of an equilibrium point (the value of r for which dU

e↵

(r)/dr = 0 is of
course also the radius for which r̈ = 0.) If r remains at the minimum of U

e↵

, the
mass is actually circling the origin. The motion about this point is stable because
the potential energy is a minimum there. For small displacements from equilibrium
the particle oscillates back and forth about this equilibrium radius as it orbits the
origin. In Section 4.7 we will calculate the frequency of these oscillations.
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EXAMPLE 4-5: The spherical pendulum

A ball of mass m swings on the end of an unstretchable string of length R in
the presence of a uniform gravitational field g. This is often called the “spherical
pendulum”, because the ball moves as though it were sliding on the frictionless
surface of a spherical bowl. We aim to find its equations of motion.

The ball has two degrees of freedom:

(i) It can move horizontally around a vertical axis passing through the point of
support, corresponding to changes in its azimuthal angle '. (On Earth’s surface
this would correspond to a change in longitude.)
(ii) It can also move in the polar direction, as described by the angle ✓. (On
Earth’s surface this would correspond to a change in latitude.)

These angles are illustrated in Figure 4.6. In spherical coordinates, the velocity
square appears as

v2 = ṙ2 + r2✓̇2 + r2 sin2 ✓'̇2 ) R2✓̇2 + R2 sin2 ✓'̇2 (4.37)

using the constraint r = R, which gets rid of the tension force and gets us to
two degrees of freedom. We know once again that the tension force is always
perpendicular to the displacement in this problem, and hence can be thrown away
through the use of a constraint. The velocities in the ✓ and ' directions are
v✓ = R✓̇ and v' = R sin ✓'̇, which are perpendicular to one another. Hence, the
kinetic energy becomes

T =
1
2
m R2(✓̇2 + sin2 ✓'̇2) (4.38)

The altitude h of the ball, measured from its lowest possible point, is h = R(1 �
cos ✓), so the potential energy can be written

U = mgh = mgR(1� cos ✓). (4.39)

The Lagrangian is therefore

L = T � U =
1
2
mR2(✓̇2 + sin2 ✓'̇2)�mgR(1� cos ✓) . (4.40)

Our two degrees of freedom are then ✓ and '. The derivatives are

@L

@✓
= mR2 sin ✓ cos ✓'̇2 �mgR sin ✓

@L

@✓̇
= mR2✓̇ (4.41)
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Figure 4.6: Coordinates of a ball hanging on an unstretchable string

@L

@'
= 0

@L

@'̇
= mR2 sin2 ✓ '̇. (4.42)

The Lagrange equations are

@L

@✓
� d

dt

@L

@✓̇
= 0 and

@L

@'
� d

dt

@L

@'̇
= 0, (4.43)

but before writing them out, note that ' is cyclic, so the corresponding generalized
momentum is

p' =
@L

@'̇
= mR2 sin2 ✓ '̇ = constant, (4.44)

which is an immediate first integral of motion. (We identify p' as the angular
momentum about the vertical axis.)

Now since

d

dt

⇣
mR2✓̇

⌘
= mR2✓̈, (4.45)

the ✓ equation can be written

mR2✓̈ = mR2 sin ✓ cos ✓'̇2 �mgR sin ✓, (4.46)

so

✓̈ � sin ✓ cos ✓ '̇2 +
⇣ g

R

⌘
sin ✓ = 0. (4.47)
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Figure 4.7: A sketch of the e↵ective potential energy U
e↵

for a spherical
pendulum. A ball at the minimum of U

e↵

is circling the vertical axis passing
through the point of suspension, at constant ✓. The fact that there is a
potential energy minimum at some angle ✓

0

means that if disturbed from
this value the ball will oscillate back and forth about ✓

0

as it orbits the
vertical axis.

We can eliminate the '̇2 term using '̇ = p'/(mR2 sin2 ✓), to give

✓̈ �
✓

p'

mR2

◆
2 cos ✓

sin3 ✓
+
⇣ g

R

⌘
sin ✓ = 0, (4.48)

a second-order di↵erential equation for the polar angle ✓ as a function of time.
To make further progress, do we have to tackle this di↵erential equation head-

on? Not if we can find a first integral instead! In fact, we have already identified
one first integral, the conservation of angular momentum

mR2 sin2 ✓ '̇ = p' = constant (4.49)

about the vertical axis. Another first integral is energy conservation

E = T + U =
1
2
mR2(✓̇2 + sin2 ✓'̇2) + mgR(1� cos ✓), (4.50)

valid because no work is being done on the ball aside from the work done by
gravity, which is already accounted for in the potential energy. By combining the
two conservation laws we can eliminate '̇:

E =
1
2
mR2✓̇2 +

(p')2

2mR2 sin2 ✓
+ mgR(1� cos ✓) (4.51)
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or

E =
1
2
mR2✓̇2 + U

e↵

(4.52)

where the “e↵ective potential energy” is

U
e↵

=
(p')2

2mR2 sin2 ✓
+ mgR(1� cos ✓). (4.53)

This e↵ective potential energy U
e↵

is sketched in Figure 4.7; it includes the
terms in E that depend only on position. The second term is the actual gravita-
tional potential energy, while the first term is really a piece of the kinetic energy
that has become a function of position only, thanks to angular momentum conser-
vation.

Equations (4.49) and (4.50) form a first-order di↵erential equation that can
be reduced to an integral by solving it for ✓̇ and then separating the variables t
and ✓ and integrating both sides. The result is, if we choose t = 0 when ✓ = ✓

0

,

t(✓) =

r
mR2

2

Z ✓

✓
0

d✓p
(E �mgR)� (p')2/(2mR2 sin2 ✓) + mgR cos ✓

. (4.54)

4.4 The Hamiltonian

We will now prove an enormously useful mathematical consequence of the La-
grange equations, providing one more potential way to achieve a first integral of
motion. First, take the total derivative of the Lagrangian L(t, qk, q̇k) with respect
to time t. There are many ways in which L can change: it can change because
of explicit changes in t, and also because of implicit changes in t due to the time
dependence of one or more of the coordinates qk(t) or velocities q̇k(t). Therefore,
from multivariable calculus,

dL(qk, q̇k, t)
dt

=
@L

@t
+
@L

@qk
q̇k +

@L

@q̇k
q̈k, (4.55)

using the Einstein summation convention from Chapter 2. That is, since the index
k is repeated in each of the last two terms, a sum over k is implied in each term;
we have also used the fact that dq̇k/dt ⌘ q̈k. Now, take the time derivative of the
quantity q̇k(@L/@q̇k); again, sums over k are implied:

d

dt

✓
q̇k
@L

@q̇k

◆
= q̈k

@L

@q̇k
+ q̇k

d

dt

✓
@L

@q̇k

◆
= q̈k

@L

@q̇k
+ q̇k

@L

@qk
(4.56)
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using the product rule. We have also used the Lagrange equations to simplify the
second term on the right. Note that this expression contains the same two summed
terms that we found in equation (4.55). Therefore, subtracting equation (4.56)
from equation (4.55) gives

@L

@t
� d

dt

✓
L� q̇k

@L

@q̇k

◆
= 0. (4.57)

This result is particularly interesting if L is not an explicit function of time, i.e.,
if @L/@t = 0. In fact, define the Hamiltonian H of a particle to be

H ⌘ q̇k pk � L (4.58)

where we have already defined the generalized momenta to be pi = @L/@q̇k. Then
equation (4.57) can be written

@L

@t
= �dH

dt
, (4.59)

an extremely useful result! It shows that if a Lagrangian L is not an explicit
function of time, then the Hamiltonian H is conserved.

What is the meaning of H? Suppose that our particle is free to move in
three dimensions in a potential U(x, y, z) without constraints, and that we are
using Cartesian coordinates. Then px = mẋ, etc., so

P
i q̇kpk = m(ẋ2 + ẏ2 + ż2).

Therefore,

H = m(ẋ2 + ẏ2 + ż2)� 1
2
m(ẋ2 + ẏ2 + ż2) + U(x, y, z)

=
1
2
m(ẋ2 + ẏ2 + ż2) + U(x, y, z) = T + U = E, (4.60)

which is simply the energy of the particle!
Is H always equal to E? That depends on what we choose to call “energy”.

In Chapter 5, you will see that the most useful and physical definition of energy is
through the quantity that is conserved when the system has time translational sym-
metry. In that chapter, we show that this indeed corresponds to the Hamiltonian,
which is not always equal to T +U ! Henceforth, you may think of the Hamiltonian
as the definition of energy; and we will adopt this definition throughout.

EXAMPLE 4-6: Bead on a rotating parabolic wire
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Circular
orbit

General closed orbit

Figure 4.8: A bead slides without friction on a vertically-oriented parabolic
wire that is forced to spin about its axis of symmetry.

Suppose we bend a wire into the shape of a vertically oriented parabola defined
by z = ↵r2, as illustrated in Figure 4.8, where z is the vertical coordinate and r
is the distance of a point on the wire from the vertical axis of symmetry. Using a
synchronous motor, we can force the wire to spin at constant angular velocity !
about its symmetry axis. Then we slip a bead of mass m onto the wire and find
its equation of motion, assuming that it slides without friction along the wire.

We first have to choose generalized coordinate(s) for the bead. The bead moves
in three dimensions, but because of the constraint we need only a single generalized
coordinate to specify the bead’s position. For example, if we know the distance
r of the bead from the vertical axis of symmetry, we also know its altitude z,
because it is constrained to move along the parabolic wire. And the bead also has
no freedom to choose its azimuthal angle, because the synchronous motor turns
the wire around at a constant rate, so given its angle '

0

at time t = 0, its angle
at other times is constrained to be ' = '

0

+ !t. So it is convenient to choose the
cylindrical coordinate r as the generalized coordinate, although we could equally
well choose the vertical coordinate z.

In cylindrical coordinates the square of the bead’s velocity is the sum of squares
of the velocities in the r,', and z directions,

v2 = ṙ2 + r2'̇2 + ż2 = ṙ2 + r2!2 + (2↵rṙ)2 (4.61)



4.4. THE HAMILTONIAN 157

since '̇ = ! = constant, and z = ↵r2 for the parabolic wire. The gravitational
potential energy is U = mgz = mg↵r2, so the Lagrangian is

L = T � U =
1
2
m[(1 + 4↵2r2)ṙ2 + r2!2]�mg↵r2. (4.62)

We implemented two constraints, '̇ = ! and z = ↵r2, and thus reduced the prob-
lem from three variables to one degree of freedom r. The contact force that keeps
the bead on the wire is the normal force associated with these two constraints.
And we thus have chosen not to include its contribution to the Lagrangian assum-
ing that this normal force has no contribution to the energy of the system and can
be packaged into the two constraints safely. . . That this is correct to do is far from
obvious in this setup since this normal force does work! This work is associated
with the energy input by the motor to keep the wire turning at constant rate !.
Let us proceed anyways with this arrangement, and revisit the issue at the end of
the section — hopefully justifying the absence of contributions from the normal
force to our Lagrangian. The partial derivatives @L/@ṙ and @L/@r are easy to
find, leading to the Lagrange equation

@L

@r
� d

dt

@L

@r
= m[4↵2rṙ2 + r!2 � 2g↵r]�m

d

dt
(1 + 4↵2r2)ṙ = 0 (4.63)

which results finally in a second-order di↵erential equation of motion

(1 + 4↵2r2)r̈ + 4↵2rṙ2 + (2g↵� !2)r = 0. (4.64)

Are we stuck with having to solve this second-order di↵erential equation? Are
there no first integrals of motion? The coordinate r is not cyclic, so pr is not
conserved. However, note that L is not an explicit function of time, so the Hamil-
tonian H is conserved! Conservation of H — which we will refer to as energy by
definition — will give us a first integral of motion, so we are rescued; we do not
have to solve the second-order di↵erential equation (4.64) after all.

The generalized momentum is pr = @L/@ṙ = m(1+r↵2r2)ṙ, so the Hamiltonian
is

H = ṙpr � L = m(1 + 4↵2r2)ṙ2 � 1
2
m[(1 + 4↵2r2)ṙ2 + r2!2] + mg↵r2

=
1
2
m[(1 + 4↵2r2)ṙ2 � r2!2] + mg↵r2 = constant, (4.65)

which di↵ers from the traditional “energy”

E = T + U =
1
2
m[(1 + 4↵2r2)ṙ2 + r2!2] + mg↵r2 (4.66)



158 CHAPTER 4. LAGRANGIAN MECHANICS

by H � E = �mr2!2.

Equation (4.65) is a first-order di↵erential equation, which can be reduced to
quadrature (See problem 4-??). Without going that far, we can understand a
good deal about the motion just by using equation (4.65), and noting that it has
a similar mathematical form to that of energy-conservation equations. That is,
rewrite the equation as

H =
1
2
m(1 + 4↵2r2)ṙ2 + “U

e↵

”, (4.67)

where

“U
e↵

” =
1
2
m(�r2!2) + mg↵r2 =

1
2
mr2(2g↵2 � !2). (4.68)

This e↵ective potential is quadratic in r with the interesting feature that everything
depends upon how the angular velocity ! of the wire is related to a critical angular
velocity !

crit

⌘ (2g)1/2 ↵, as illustrated in Figure 4.9. If ! < !
crit

, then “U
e↵

” rises
with r, so the bead is stable at r = 0, the potential minimum. But if ! > !

crit

,
then “U

e↵

” falls o↵ with increasing r, so r = 0 is an unstable equilibrium point
in that case; if the bead wanders even slightly from r = 0 at the bottom of the
parabola it will be thrown out indefinitely far. The stability is neutral if ! = !

crit

,
meaning that if placed at rest at any point along the wire the bead will stay at
that point indefinitely, but if placed at any point and pushed outward it will keep
moving outward, or if pushed inward it will keep moving inward.

This example shows that although the Hamiltonian function H is often equal
to T + U , this is not always so. Appendix A at the end of the chapter explains
when and why they can di↵er. In any case, the Hamiltonian can be very useful,
because it provides a first integral of motion if L is not explicitly time-dependent.
It is also the starting point for an alternative approach to classical dynamics, as
we will see in a later chapter, and it turns out to be an important bridge between
classical and quantum mechanics. In Chapter 5, we will see that it makes physical
sense to call H energy by definition.

Let us come back to the issue of dropping the normal force’s contribution to
our Lagrangian. Since the bead is sliding along the wire while rotating with it,
and since the normal force is some vector perpendicular to the wire at any instant
in time, we can see that this normal force is not necessarily perpendicular to the
bead’s displacement. Hence, it can have non-zero contribution to the “energy” of
the system — if we were to call T + U energy which we won’t. This is why T + U
is not conserved in the problem; the conserved quantity is H which is not equal
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Figure 4.9: The e↵ective potential U
e↵

for the Hamiltonian of a bead on a
rotating parabolic wire with z = ↵r2, depending upon whether the angular
velocity ! is less than, greater than, or equal to !

crit

=
p

2g ↵.

to T + U in this case. Nevertheless, how can we justify dropping the normal force
that we know can do work and hence may perhaps have a piece of U in L = T �U?

The answer is a delicate one: in constructing a Lagrangian, we need to include
all objects that are playing a role in the dynamics. The full system is bead plus
parabolic wire. The parabolic wire is not a free dynamical object since its motion
is determined externally through the action of the motor. You can think of such
a non-dynamical object as one with zero mass; i.e., it has no contribution to the
kinetic energy of the system7. However, forces can still act on it and do work.
In this case, there is a normal force — equal but opposite in direction to the one
acting on the bead — acting on the wire. The point of action of this normal on
the wire is displaced by the same amount as the bead. Hence, the contribution to
the work of the system of this normal force is equal in magnitude but opposite in
sign to the contribution coming from the normal force acting on the bead. This
is simply a reflection of Newton’s third law: for every action, there is an equal
but opposite reaction. The net contribution to work from these two normal forces
adds up to zero. Hence, when we write U for the system, we only need to consider
the contribution from gravity! We have L = T � U as before, without a trace of
the normal forces. How about when we were dealing with previous cases where
a normal or tension force was at work? We did not need to consider the ground

7In reality, it has a constant non-zero contribution, but a constant term in a Lagrangian
does not e↵ect the equations of motion. Hence, for simplicity, we can drop such a term
altogether.
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supplying the normal force, or the rope pulling on the bob. In these cases, we
were lucky that the work done by the pair of contact forces was zero individually.
Adding two zeroes is still as much of a zero; hence, we got away but ignoring
the ground or the rope entirely. In our current example, the constraint was a
dynamical one in that the second body was also in motion. This is when one
needs to be extra careful and include all moving objects in the Lagrangian.

Once again, the Lagrangian formalism avoids dealing with contact forces by
accounting for them through constraints — simplifying the problem significantly.
We leave it as an exercise for the reader to solve this same problem using traditional
force body diagram methods so as to appreciate the power of the Lagrangian
formalism. This example also forced us to consider problems involving more than
one object. We now move onto tackling this issue in more general terms.

4.5 Systems of particles

So far we have been thinking about the motion of single particles only, described
by at most three generalized coordinates and three generalized velocities. But
often we want to find the motion of systems of particles, in which two or more
particles may interact with one another, like two blocks on opposite ends of a
spring, or several stars orbiting around one another. Can we still use the variational
approach, by writing down a Lagrangian that contains the total kinetic energy and
the total potential energy of the entire system?

EXAMPLE 4-7: Two interacting particles

Consider a system of two particles, with masses m
1

and m
2

, confined to move
along a horizontal frictionless rail. Figure 4.10 shows a picture of the setup, where
we label the coordinates of the particles x

1

and x
2

. We can then write an action
for the system

S =
Z

dt

✓
1
2
m

1

ẋ2

1

+
1
2
m

2

ẋ2

2

� U(x
2

� x
1

)
◆

(4.69)

where, in additional to the usual kinetic energy terms, there is some unknown
interaction between the particles described by a potential U(x

2

� x
1

). Note that
we use the total kinetic energy, and we assume that the potential – hence the
associated force law – depends only upon the distance between the particles. We
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Figure 4.10: Two interacting beads on a one-dimensional frictionless rail.
The interaction between the particles depends only on the distance between
them.

then have two equations of motion with two generalized coordinates, x
1

and x
2

,
so that

d

dt

✓
@L

@ẋ
1

◆
� @L

@x
1

= 0) m
1

ẍ
1

= � @U

@x
1

(4.70)

and
d

dt

✓
@L

@ẋ
2

◆
� @L

@x
2

= 0) m
2

ẍ
2

= � @U

@x
2

= +
@U

@x
1

(4.71)

where in the last step we used the fact that U = U(x
2

� x
1

). We see that we have
a second law of Newton for each of the two particles: kinetic energy is additive
and each of its terms will generally give the ma part of Newton’s second law for
the corresponding particle. Hence, in multi-particle systems, we need to consider
the total kinetic energy T minus the total potential energy. Terms that mix the
variables of di↵erent particles, such as U(x

2

� x
1

), will give the correct forces on
the particles as well. In this case, we see that the action-reaction pair, @U/@x

1

=
�@U/@x

2

, comes out for free, and arises from the fact that the force law depends
only on the distance between the particles! That is, Newton’s third law is naturally
incorporated in the formalism and originates from the fact that forces between two
particles depend only upon the distance between the interacting entities, and not
(say) their absolute positions.

Suppose for example that the particles are connected by a Hooke’s-law spring
of force constant k. If we choose the coordinates x

1

and x
2

appropriately, the
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spring stretch will be x
2

� x
1

, so the potential energy is U = (1/2)k(x
2

� x
1

)2.
The Lagrange equations then give

m
1

ẍ
1

= +k(x
2

� x
1

) and m
2

ẍ
2

= �k(x
2

� x
1

). (4.72)

The forces on the two particles are obviously equal but opposite: In such a case
the total momentum of the systems must be conserved, which is easily verified
simply by adding the two equations, to show that

d

dt
(m

1

ẋ
1

+ m
2

ẋ
2

) = 0. (4.73)

There are actually two conserved quantities in this problem, the momentum and
the energy, each of which leads to a first integral of motion.

These results suggest that there must be a more transparent set of generalized
coordinates to use here, in which one of the new coordinates is cyclic, so that its
generalized momentum will be conserved automatically. These new coordinates
are the “center of mass” and “relative” coordinates

X ⌘ m
1

x
1

+ m
2

x
2

M
and x0 ⌘ x

2

� x
1

, (4.74)

where M = m
1

+m
2

is the total mass of the system: Note that X and x0 are simply
linear combinations of x

1

and x
2

. Then in terms of X and x0, it is straightforward
to show that the Lagrangian of the system becomes (See Problem 4-?)

L =
1
2
MẊ2 +

1
2
µẋ02 � U(x0) (4.75)

where µ ⌘ m
1

m
2

/M is called the “reduced mass” of the system (note that µ is in
fact smaller than either m

1

or m
2

.) Using this Lagrangian, it is obvious that there
are two conservation laws:

(i) The center of mass coordinate X is cyclic, so the corresponding momentum

P =
@L

@Ẋ
= MẊ ⌘ m

1

ẋ
1

+ m
2

ẋ
2

(4.76)

is conserved (as we saw before), and

(ii) The Lagrangian L does not depend explicitly on time, so the Hamiltonian

H = ẊP + ẋ0p0 � L = MẊ2 + µẋ02 �
✓

1
2
MẊ2 +

1
2
µẋ02 � U(x0)

◆
=

1
2
MẊ2 +

1
2
µẋ02 + U(x0) (4.77)
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Figure 4.11: A contraption of pulleys. We want to find the accelerations of
all three weights. We assume that the pulleys have negligible mass so they
have negligible kinetic and potential energies.

is also conserved. In fact, we recognize that H here is the sum of the kinetic
and potential energies of the system, so is equal to the traditional notion of total
energy.

This problem is an example of reducing a two-body problem to an equivalent one-
body problem. The motion of the center of mass of the system is trivial: the
center of mass just drifts along at constant velocity. The interesting motion of
the particles is their relative motion x0, which behaves as though it were a single
particle of mass µ and position x0(t) subject to the potential energy U(x0).

EXAMPLE 4-8: Pulleys everywhere

Another classic set of mechanics problems involves pulleys, lots of pulleys.
Consider the setup shown in Figure 4.11. Two weights, with masses m

1

and m
2

,
hang on the outside of a three-pulley system, while a weight of mass M hangs
on the middle pulley. We assume the pulleys themselves and the connecting rope
all have negligible mass, so their kinetic and potential energies are also negligible.
We will suppose for now that all three pulleys have the same radius R, but this
will turn out to be of no importance. We want to find the accelerations of m

1

,
m

2

, and M . We construct a Cartesian coordinate system as shown in the figure,



164 CHAPTER 4. LAGRANGIAN MECHANICS

which is at rest in an inertial frame of the ground. First of all, note that there are
three massive objects moving in two dimensions, so we might think that we have
six variables to track, x

1

and y
1

for weight m
1

, x
2

and y
2

for weight m
2

, and X
and Y for weight M . We can then write the total kinetic energy

T =
1
2
m

1

(ẋ2

1

+ ẏ2

1

) +
1
2
m

2

(ẋ2

2

+ ẏ2

2

) +
1
2
M (Ẋ2 + Ẏ 2). (4.78)

But that obviously is overkill. We know the dynamics is entirely vertical, so we
can focus on y

1

, y
2

, and Y only and set ẋ
1

= ẋ
2

= Ẋ = 0. But that is still too
much. There are only two degrees of freedom in this problem! Just pick any two
of y

1

, y
2

, or Y , and we can draw the figure uniquely, as long as we know the length
of the rope. Another way of saying this is to write

Length of rope = (H � y
1

) + 2 (H � Y ) + (H � y
2

) + 3⇡R, (4.79)

where H is the height of the ceiling, as shown in the figure. We can therefore write
in general

y
1

+ 2 Y + y
2

= constant , (4.80)

which can be used to eliminate one of our three variables. We choose to get rid of
Y , using

Y = �y
1

+ y
2

2
+ constant, (4.81)

which implies

Ẏ = � ẏ
1

+ ẏ
2

2
. (4.82)

We can now write our kinetic energy in terms of two variables only, y
1

and y
2

,

T =
1
2
m

1

ẏ2

1

+
1
2
m

2

ẏ2

2

+
1
2
M

✓
ẏ
1

+ ẏ
2

2

◆
2

. (4.83)

We next need the potential energy, which is entirely gravitational. We can write

U = m
1

g y
1

+ m
2

g y
2

+ M g Y

= m
1

g y
1

+ m
2

g y
2

�M g

✓
y
1

+ y
2

2

◆
+ constant (4.84)
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where the zero of the potential was chosen at the ground, and we can also drop
the additive constant term since it does not a↵ect the equations of motion. In
summary we have a variational problem with a Lagrangian

L = T � U =
1
2
m

1

ẏ2

1

+
1
2
m

2

ẏ2

2

+
1
2
M

✓
ẏ
1

+ ẏ
2

2

◆
2

� m
1

g y
1

�m
2

g y
2

+ Mg

✓
y
1

+ y
2

2

◆
. (4.85)

There are two dependent variables y
1

and y
2

, so we have two equations of motion,

d

dt

✓
@L

@ẏ
1

◆
� @L

@y
1

= 0) m
1

ÿ
1

+
M

4
(ÿ

1

+ ÿ
2

) = �m
1

g +
M g

2
(4.86)

and

d

dt

✓
@L

@ẏ
2

◆
� @L

@y
2

= 0) m
2

ÿ
2

+
M

4
(ÿ

1

+ ÿ
2

) = �m
2

g +
M g

2
. (4.87)

We can now solve for ÿ
1

and ÿ
2

,

ÿ
1

= �g +
4 m

2

g

m
1

+ m
2

+ 4 m
1

m
2

/M

ÿ
2

= �g +
4 m

1

g

m
1

+ m
2

+ 4 m
1

m
2

/M
. (4.88)

Note that these accelerations have magnitudes less than g, as we might expect
intuitively. We can also find Ÿ from (4.82)

Ÿ = � ÿ
1

+ ÿ
2

2
) Ÿ = g � 2 (m

1

+ m
2

)g
m

1

+ m
2

+ 4 m
1

m
2

/M
. (4.89)

The astute reader may rightfully wonder whether we have overlooked some-
thing in this treatment: we never encountered the tension force of the rope on
each of the masses! However, we in fact exploited one of the very useful features
of the Lagrangian formalism that applies to massless ropes. The constraint given
by (4.79), which eliminated one of our three original variables, implements the
physical condition that the rope has constant length. By using only two variables,
we have implicitly accounted for the e↵ect of the rope.

Consider the two tension forces T
1

and T
2

at the end of this (or any) massless
rope. If we wanted to account for such forces in a Lagrangian, we would need
the associated energy, or work they contribute to the system. Since the rope has
zero mass, we know that |T

1

| = |T
2

|. The two tension forces however point in
opposite directions. When one end of the rope moves by �x

1

> 0 parallel to T
1

,
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(a) (b)

Figure 4.12: A block slides along an inclined plane. Both block and inclined
plane are free to move along frictionless surfaces.

T
1

does work W
1

= |T
1

|�x
1

. At the same time, the other end must move the
same distance �x

2

= �x
1

. However, at this other end, the tension force points
opposite to the displacement, and the work is W

2

= �|T
2

|�x
2

= �|T
1

|�x
1

. The
total work is W = W

1

+ W
2

= 0. Hence, the tension forces along a massless rope
will always contribute zero work, and hence cannot be associated with energy in
the Lagrangian. Similarly, this is the case for any force that appears in a problem
in an action-reaction pair, as we shall see next.

EXAMPLE 4-9: A block on a movable inclined plane

Let us return to the classic problem of a block sliding down a frictionless
inclined plane, as in Example 4-2, except we will make things a bit more interesting:
now the inclined plane itself is allowed to move! Figure 4.12(a) shows the setup.
A block of mass m rests on an inclined plane of mass M : Both the block and the
inclined plane are free to move without friction. The plane’s angle is denoted by
↵. The problem is to find the acceleration of the block.

The observation deck is the ground, which is taken as an inertial reference
frame. We set up a convenient set of Cartesian coordinates, as shown in the
figure. The origin is shifted to the top of the incline at zero time to make the
geometry easier to analyze. We start by identifying the degrees of freedom. At
first, we can think of the block and inclined plane as moving in the two dimensions
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of the problem. The block’s coordinates could be denoted by x and y, and the
inclined plane’s coordinates by X and Y . But we quickly realize that this would
be overkill: if we specify X, and how far down the top of the incline the block
is located (denoted by D in the figure), we can draw the figure uniquely. This is
because the inclined plane cannot move vertically, either jumping o↵ the ground
or burrowing into it (that’s one condition), so Y is unnecessary, and the horizontal
position x of the block is determined by X and D (that’s a second condition.) We
then start with four coordinates, add two conditions or restrictions, and we are left
with two degrees of freedom. The choice of the two remaining degrees of freedom
is arbitrary, as long as the choice uniquely fixes the geometry. We will pick X and
D; another choice might be X and x, for example.

Next, we need to write the Lagrangian. The starting point for this is the total
kinetic energy of the system,

T =
1
2
m
�
ẋ2 + ẏ2

�
+

1
2
M
⇣
Ẋ2 + Ẏ 2

⌘
(4.90)

in the inertial frame of the ground. Note the importance of writing the kinetic
energy in an inertial frame, even if it means using more coordinates than the
generalized coordinates that will be used in the Lagrangian.

Now we need to rewrite the kinetic energy in terms of the two degrees of
freedom X and D alone. This requires a little bit of geometry. Looking back at
the figure, we can write

Y = 0 , x = X + D cos↵ , y = �D sin↵ . (4.91)

This implies

Ẏ = 0 , ẋ = Ẋ + Ḋ cos↵ , ẏ = �Ḋ sin↵ . (4.92)

We can now substitute these into (4.90) and get

T =
1
2
M Ẋ2 +

1
2
m Ẋ2 +

1
2
m Ḋ2 + m Ẋ Ḋ cos↵ . (4.93)

Note that this result, in terms of the generalized coordinates and velocities, would
have been very di�cult to guess, especially the ẊḊ term. Again, it is very im-
portant to start by writing the kinetic energy first in an inertial frame, and often
important as well to use Cartesian coordinates in this initial expression, to be
confident that it has been done correctly. We now need the potential energy of
the system, which is entirely gravitational. The inclined plane’s potential energy
does not change. Since it’s a constant, we need not add it to the Lagrangian:
the Lagrange equations of motion involve partial derivatives of L and, hence, a
constant term in L is irrelevant to the dynamics. The block’s potential energy on
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the other hand does change. We can choose the zero of the potential at the origin
of our coordinate system and write

U = m g y = �m g D sin↵ . (4.94)

The system’s Lagrangian is now

L = T �U =
1
2
M Ẋ2 +

1
2
m Ẋ2 +

1
2
m Ḋ2 + m Ẋ Ḋ cos↵+ m g D sin↵(4.95)

We observe immediately that X is cyclic, so its corresponding momentum is con-
served; also L has no explicit time dependence, so the Hamiltonian (which in this
problem is also the total energy) is conserved as well. Therefore we can obtain the
complete set of two first integrals of motion.

Nevertheless, to illustrate a di↵erent approach, we will tackle the full second-
order di↵erential equations of motion obtained directly from the Lagrange equa-
tions. Since we have two degrees of freedom X and D, we’ll have two second-order
equations. The equation for X is

d

dt

✓
@L

@Ẋ

◆
� @L

@X
= 0) (m + M)Ẍ + m D̈ cos↵ = 0, (4.96)

and the equation for D is

d

dt

✓
@L

@Ḋ

◆
� @L

@D
= 0) m D̈ + m Ẍ cos↵ = m g sin↵. (4.97)

This is a system of two linear equations in two unknowns Ẍ and D̈. The solution
is

Ẍ =
g cos2 ↵ sin↵

(1 + M/m)
�
sin2 ↵+ M/m

� D̈ = � g sin↵ cos↵
sin2 ↵+ M/m

. (4.98)

Since we want the acceleration of the block in our inertial reference frame, we need
to find ẍ ⌘ ax and ÿ ⌘ ay. Di↵erentiating (4.92) with respect to time, we get

ax = ẍ = Ẍ + D̈ cos↵ , ay = ÿ = �D̈ sin↵. (4.99)

Substituting our solution from (4.98) into these, we have

ax = � (M/m)g cos2 ↵ sin↵
(1 + M/m)

�
sin2 ↵+ M/m

� ay =
g sin2 ↵ cos↵
sin2 ↵+ M/m

. (4.100)

It is always useful to look at various limiting cases, to see if a result makes sense.
For example, what if ↵ = 0, i.e. what if the block moves on a horizontal plane?
Both accelerations then vanish, as expected: if started at rest, both block and
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incline just stay put. Now what if the inclined plane is much heavier than the
block, with M � m? We then have

ax ' �m

M
g cos2 ↵ sin↵ ay ' m

M
g sin2 ↵ cos↵, (4.101)

so that ay/ax ' � tan↵, which is what we would expect if the inclined plane were
not moving appreciably.

The most impressive aspect of this example is the absence of the normal forces
from our computations. With the traditional approach of problem solving, we
would need to include several normal forces in the computation, shown in Fig-
ure 4.12(b): the normal force exerted by the inclined plane on the block, the
normal force exerted by the ground on the inclined plane, and the normal force
exerted by the block on the inclined plane as a reaction force. The role of these
normal forces is to hold the inclined plane on the ground and to hold the block
on the inclined plane. The computational step at the beginning where we zeroed
onto the degrees of freedom of the problem — going from X, Y , x, and y to X and
D — corresponds to accounting for the e↵ects of these normal forces. Hence, we
have already accounted for the normal forces by virtue of using only two variables
in the Lagrangian.

Another way to see this goes as follows: if we were to think of the contributions
of the normal forces to the Lagrangian, we would want to include some potential
energy terms for them. But potential energy is related to work done by forces.
The normal force is often perpendicular to the direction of motion, and hence
does no work, N · �r = 0. Hence, there is no potential energy term to include
in the Lagrangian to account for such normal forces. In our example, this is
not entirely correct. While it is true for the normal force exerted by the ground
onto the inclined plane, it is not true for the normal forces acting between the
block and inclined plane. This is because the inclined plane is moving as well
and the trajectory of the block is not parallel to the incline! However, there is
another reason why this normal force is safely left out of the Lagrangian method.
These normal forces occur as an action-reaction pair. And the displacement of
the interface between the block and incline is the same for both forces, and hence
the contributions to the total work or energy of the system from these two normal
forces cancel. As we saw from the previous example, such forces do not appear in
the Lagrangian.

In Chapter 7 we will also learn of a way to impose the inclusion of normal and
tension forces in a Lagrangian even when we need not do so — for the purpose
of finding the magnitude of a normal force if it is desired. For now, we are very
happy to drop normal and tension forces from consideration. This can be a big
simplification for problem solving: fewer variables, fewer forces to consider, less
work to do (no pun intended). Hence, in conclusion, as long as we do a proper
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reduction of variables in a problem to the minimum number of degrees of freedom,
we are safe to drop the normal and tension forces from consideration. This is a
significant simplification in many mechanics problems that we will readily exploit.

So far, we have used Lagrangian techniques to find the di↵erential equations of
motion for single particles or for systems of particles. If there are cyclic coordinates
or if the Lagrangian is not an explicit function of time, we can find one or more
first integrals of motion, which considerably simplifies the equations. And in some
cases we can obtain exact analytical solutions for the generalized coordinates as
functions of time. Often, however, this is not possible, and if we need to know qk(t)
for some generalized coordinate qk, we have to use some approximate analytical
technique, or (if all else fails to get the results we need) use a computer to solve
the equations numerically.

There are a large number of approximation techniques that can be deployed to
avoid a numerical solution. Finding one to solve a particular problem can be very
entertaining, and can require as much creativity as setting up the physical problem
in the first place. A very nice example of a rather straightforward approximate
analytic approach is given in the next section: it is a technique to find the oscil-
latory motion of a particle when it is displaced slightly from a stable equilibrium
point.

4.6 Small oscillations about equilibrium

If you look around you at many common mechanical systems, you’ll find that
energy is often approximately conserved and the system is in a more or less stable
equilibrium state. For example, a chair nearby is resting on a floor, happily doing
nothing as expected from a chair. It is in its minimal energy configuration. If
you were to bump it, it would wobble around for some time, and then quickly
find itself again at rest in some new equilibrium state. When you bumped the
chair, you added some energy to the system; and the chair dissipated this energy
eventually through friction (sound/heat/etc...) and found another minimal-energy
motionless state. In general, most mechanical systems can be accorded an energy
of the form

Constant⇥ q̇2

k + U
e↵

(q) = E (4.102)

where the qk’s are the generalized coordinates. For simplicity, imagine you have
only one such coordinate we’ll call qk. If the e↵ective potential energy U

e↵

has an
extremum at some particular point (qk)0, then that point is an equilibrium point
of the motion, so if placed at rest at (qk)0 the particle will stay there. If (qk)0
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Figure 4.13: An e↵ective potential energy U
e↵

with a a focus near a minimum.
Such a point is a stable equilibrium point. The dotted parabola shows the
leading approximation to the potential near its minimum. As the energy
drains out, the system settles into its minimum with the final moments being
well approximated with harmonic oscillatory dynamics.

happens to be a minimum of U
e↵

, as illustrated in Figure 4.13, (qk)0 is a stable
equilbrium point, so that if the particle is displaced slightly from (qk)0 it will
oscillate back and forth, never wandering far from that point.

It is sometimes interesting to find the frequency of small oscillations about an
equilibrium point. We can do this by fitting the bottom of the e↵ective energy
curve to a parabolic bowl, because that is the shape of the potential energy of a
simple harmonic oscillator. That is, by the Taylor expansion

U(x) = U(x
0

) +
dU

dx
|x

0

(x� x
0

) +
1
2!

d2U

dx2

|x
0

(x� x
0

)2 + ... (4.103)

So if x
0

is the equilibrium point, by definition the second term vanishes, and the
third term has the form (1/2)keff (x�x

0

)2, like that for a simple harmonic oscillator
with center at x

0

, where the e↵ective force constant is given by k
e↵

= U 00(x
0

). The
frequency of small oscillations is therefore

! =
p

k
e↵

/m =
p

U 00(x
0

)/m. (4.104)

Note that this explains the pervasiveness of the harmonic oscillator in nature: since
system will try to find their lowest energy configurations by dissipating energy,
they will often find themselves near the minima of their e↵ective potential. As
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we just argued, in the vicinity of such minima, systems will generically oscillate
harmonically. Two examples will demonstrate how this works.

EXAMPLE 4-10: Particle on a tabletop with a central spring force

In Example 4-4 we considered a particle moving on a frictionless tabletop,
subject to a central Hooke’s-law spring force. There is an equilibrium radius for
given energy and angular momentum for which the particle orbits in a circle of
some radius r

0

. Now we can find the oscillation frequency ! for the mass about
the equilbrium radius if it is perturbed slightly from this circular orbit.

The e↵ective potential in Example 4-4 was U
e↵

= (p')2/2mr2 + (1/2)kr2; the
first derivative of this potential is U 0

e↵

(r) = �(p')2/mr3 + kr. The equilibrium
value of r is located where U 0(r) = 0; namely, where r = r

0

= ((p')2/mk)1/4. The
second derivative of Ueff (r) is

U 00(r) = 3(p')2/mr4 + k, (4.105)

so

U 00(r
0

) =
3(p')2

m((p')2/mk)
+ k = 3k + k = 4k. (4.106)

The frequency of small oscillations about the equilibrium radius r
0

is therefore

! =
p

U 00(r
0

)/m =
p

4k/m = 2!
0

. (4.107)

That is, for the mass orbiting the origin and subject to a central Hooke’s law spring
force, the frequency of small oscillations about a circular orbit is just twice what
it would be for the mass if it were oscillating back and forth in one dimension.

We can also find the shape of the orbits if the radial oscillations are small.
The angular frequency of rotation is !rot = v✓/ro = (p'/mr

0

)/r
0

= p'/(mr2

0

),
where v✓ is the tangential component of velocity. But the equilibrium radius is
r
0

= ((p')2/mk)1/4, so the angular frequency of rotation is !rot = p'/(mr2

0

) =
p'/[m

p
(p')2/k] =

p
k/m = !

0

, which is the same as the frequency of oscillation
of the system as if it were moving in one dimension! Therefore the frequency of
radial oscillations is just twice the rotational frequency, so the orbits for small
oscillations are closed : that is, the path retraces itself in every orbit, as shown in
Figure 4.14. The small-oscillation path appears to be elliptical, and in fact it is
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Figure 4.14: The shape of the two-dimensional orbit of a particle subject to
a central spring force, for small oscillations about the equilibrium radius.

exactly elliptical, even for large displacements from equilibrium, as we already saw
in Chapter 1 using Cartesian coordinates.

EXAMPLE 4-11: Oscillations of a bead on a rotating parabolic wire

In Example 4-6 we analyzed the case of a bead on a rotating parabolic wire. The
energy of the bead was not conserved, but the Hamiltonian was:

H =
1
2
m(1 + 4↵2r2)ṙ2 + “U

e↵

” = constant, (4.108)

where

“U
e↵

” =
1
2
mr2(2g↵2 � !2). (4.109)

There is an equilibrium point at r = 0 which is unstable if ! > !
0

⌘ p
2g ↵,

neutrally stable if ! = !
0

, and stable if ! < !
0

.
We can find the frequency of small oscillations about r = 0 if ! < !

0

. Note
that for very small oscillations near r = 0 the quantity (1 + 4↵2r2) ⇠= 1 to an
excellent approximation, so the Hamiltonian is

H ⇠= 1
2
mṙ2 +

1
2
kr2 (4.110)
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where the constant k = m(2g↵2 � !2). This has exactly the same form as the
conservation of energy of a mass on the end of a spring of force-constant k. There-
fore the bead on the slowly-rotating parabolic wire oscillates about the equilibrium
point r = 0 with the frequency

⌦ =
r

k

m
=
p

2g↵2 � !2 (4.111)

where we have used ⌦ to represent the oscillation frequency because the symbol !
is already taken.

4.7 Relativistic generalization

By now, we have established the power of the Lagrangian formalism in dealing with
mechanics problems involving one or more particles, interacting with conservative
forces, with or without a large class of constraints. But all this was within New-
tonian mechanics — valid at slow speeds compared to the speed of light. Can we
use the Lagrangian formalism for situations requiring relativistic treatment? The
answer is rather simple to find. Our original setup for deriving the Lagrangian for-
malism started by integrating proper time to construct the action functional (see
equation (3.67)). We then took the small speed limit in (3.73) to identify a piece
of the future Lagrangian — the kinetic energy. Through the example of a particle
in a uniform gravitational field, we identified the second piece in L = T �U — the
potential energy. We then proceeded to show that this works for any conservative
potential, with one or more particles, with or without constraints. Going back to
the beginning, we then must have

L = T � U = m c2

r
1� v2

c2

� U (4.112)

to tackle a fully relativistic problem. We can even still write L = T � U using
relativistic kinetic energy

T = m c2

r
1� v2

c2

�m c2 (4.113)

since the additional piece m c2 is a constant and hence does not e↵ect the equations
of motion. For a single particle in Cartesian coordinates, using our results from
equations (3.72), the equations of motion from (4.112) now look like

d

dt
(�ẋ) = �@U

@x
,

d

dt
(�ẏ) = �@U

@y
,

d

dt
(�ż) = �@U

@z
. (4.114)
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This is the expected relativistic form of Newton’s second law from (2.93) or (2.100)
if we identify F = �rU . Hence, our entire Lagrangian formalism extends through
the relativistic regime as long as we replace kinetic energy in L = T �U by (4.113)
instead of T = (1/2)m v2.

Before we end this section, let us however take a note of one new pitfall. As
always, the Lagrangian T � U is to be written from the perspective of an inertial
observer. In relativistic settings, the correct transformations linking inertial ob-
servers are the Lorentz transformations. This implies that our Lagrangian should
now be invariant under Lorentz transformations, not Galilean. The kinetic energy
term (4.113) is indeed Lorentz invariant since it arises from the integral over proper
time (see equation (3.67)). We thus have to make sure that the potential energy
term U in the Lagrangian is also Lorentz invariant, independently. Not any old
force law is allowed by Relativity! We will tackle the transformation properties of
the action in Chapter 5. And we will come back to this issue in Chapter (7) when
we encounter a full Lorentz invariant force law — the electromagnetic force. In the
meantime, it is worthwhile emphasizing that traditional mechanics force laws, such
as Newtonian gravity, are not Lorentz invariant and hence should only be consid-
ered in approximate Newtonian settings with L = (1/2)m v2�U — requiring only
Galilean invariance from the action.

4.8 Summary

In this chapter we have presented a variational approach to classical mechanics,
which is at the very heart of the subject. This approach is in fact the central
theme of the book. We began by describing a conservative mechanical system
by N generalized coordinates qk(t), with k = 1, 2, . . . , N , and then defining the
Lagrangian

L(t, q
1

, q
2

, ..., q̇
1

, q̇
2

, ...) = T � U (4.115)

as the di↵erence between the kinetic and potential energies of the system, expressed
in terms of the generalized coordinates qk, generalized velocities q̇k, and time t.
We then defined the action S[qk(t)] of the system as the functional consisting
of the time integral over the Lagrangian L(t, q

1

, q
2

, ..., q̇
1

, q̇
2

, ...), from a starting
time ta to an ending time tb,

S[qk(t)] =
Z tb

ta

dt L(t, q
1

, q
2

, ..., q̇
1

, q̇
2

, ...) ⌘
Z tb

ta

dt L(t, qk, q̇k) , (4.116)

where it is understood that the particle or system of particles begins at some def-
inite position (q

1

, q
2

, ...)a at time ta and ends at some definite position (q
1

, q
2

, ...)b

at time tb.
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Hamilton’s principle then proposes that, for trajectories qk(t) where the
action S is stationary — i.e. when

�S = �

Z tb

ta

L(t, qk, q̇k) dt = 0 (4.117)

the coordinates qk(t)’s satisfy the equations of motion for the system with the
prescribed boundary conditions at ta and tb. That is, the variational principle
�S = 0 gives the Lagrange equations

d

dt

@L

@q̇k
� @L

@qk
= 0. (k = 1, 2, . . . , N) (4.118)

which are the di↵erential equations of motion of the system.
One of the strengths of the Lagrangian formalism is that it prescribes an algo-

rithmic process to solve a problem. Here are the typical steps:

1. Identify the degrees of freedom of each particle or object consistent with any
constraints, and choose an appropriate set of generalized coordinates qk for
each.

2. Write the square of the velocity for each particle in terms of any convenient
coordinates, usually Cartesian coordinates, in some inertial reference frame.
Then reexpress the kinetic energy in terms of the generalized coordinates qk,
the generalized velocities q̇k, and the time if needed; i.e., v2 = v2(qk, q̇k, t).
Then write the total kinetic energy T in terms of these v’s.

3. Write the total potential energy8in the form U = U(qk, t).

4. Write the Lagrangian L(t, q
1

, q
2

, ..., q̇
1

, q̇
2

, ...) = T � U

5. Identify any cyclic coordinates in L; that is, identify any coordinate ql

missing in the Lagrangian, even though its corresponding generalized ve-
locity q̇l is present. In this case the corresponding generalized momentum
pl ⌘ @L/@q̇l is conserved. This gives a highly-valued first integral of motion,
i.e., a di↵erential equation that is first order rather than second order.

8We in fact can handle some velocity dependent forces as well through this formalism.
The magnetic force for example is easily incorporated in the prescription. However, for
now we assume potential energies that do not depend on the velocities of particles for
simplicity and we will revisit the more elaborate cases in subsequent chapters.
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6. If it so happens that L does not depend explicitly on time, so that the only
time dependence is implicit in the generalized coordinates and generalized
velocities, then the Hamiltonian

H ⌘ pkq̇k � L (4.119)

is conserved. Then the definition of H becomes itself a first integral of
motion. Frequently (but not always) the Hamiltonian is equal to T + U . In
any scenario, if L has no explicit time dependence, H is a constant of the
motion (i.e., is conserved) whether it is equal to T +U or not. We shall call
H energy by definition.

7. If there are more generalized coordinates in the problem than first integrals
identified in the preceding steps, then one or more of the Lagrange equations
of motion

@L

@qk
� d

dt

@L

@q̇k
= 0. (4.120)

must be used as well, to obtain a complete set of di↵erential equations.
That is, if there are N generalized coordinates, we will generally need N
mutually independent di↵erential equations whose solutions will give the
coordinates as functions of time. Some of these may be first-order equations,
each corresponding to a conserved quantity, while others may be second-
order equations.

If the problem is simple, exact analytic solutions of the equations may be
possible. If not, we can always solve the equations numerically on a computer.
There is also a very common intermediate situation, when one or more of the
equations is too di�cult to solve exactly, but approximate analytic techniques
can be used to find the answer as accurately as required. Finding a su�ciently
accurate approximate analytic technique to solve a particular problem can be very
entertaining, requiring as much creativity as setting up the physical problem in
the first place.

In the next chapter we show the very deep understanding that has been
achieved about the relationship between conserved quantities and symmetries in-
herent in a problem. This will lead us to a famous theorem by the early twentieth-
century mathematician Emmy Noether.
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4.9 Appendix A: When and why is H 6= T +U?

In Example 4-6 the Hamiltonian H was not equal to T + U . Why were they
di↵erent, and why was H conserved while T + U was not?

The definition H = q̇k@L@q̇k � L (using the Einstein summation convention,
implying a sum over k in the first term on the right since k is repeated in that
term) contains the Lagrangian L = T�U , where only the kinetic energy T depends
upon the generalized velocities q̇k; therefore

H = q̇k
@T

@q̇k
+ U � T. (4.121)

Now let r(qk, t) be the position vector of the particle from some arbitrary origin
fixed in an inertial frame, in terms of the time and any or all of the generalized
coordinates qk. Then the velocity of the particle is

v =
dr(qk, t)

dt
=
@r
@t

+
@r
@ql

q̇l, (4.122)

because r can change with time either from an explicit time dependence or because
one or more of the generalized coordinates changes with time. Therefore its kinetic
energy is T = (1/2)mv2 = (1/2)mv · v, which is

T =
1
2


m
@r
@t

· @r
@t

+ 2
@r
@t

· @r
@ql

q̇l +
@r
@ql

q̇l · @r
@qk

q̇k

�
(4.123)

where we have used a di↵erent dummy summation index k in the final factor to
distinguish it from the sum over l is the preceding factor. That is, by the Einstein
summation convention the final term above is actually the product of two sums,
one over l and one over k. Now we can take the partial derivative of T with respect
to a particular one of the generalized velocities q̇k,

@T

@q̇k
=

1
2
m


2
@r
@t

· @r
@qk

+ 2
@r
@qk

· @r
@ql

q̇l

�
(4.124)

where there is a factor of two in the second term because q̇k occurs in both sum-
mations in the last term of the expression for T . Therefore the sum

q̇k
@T

@q̇k
= m


@r
@t

· @r
@qk

q̇k +
@r
@qk

q̇k · @r
@ql

q̇l

�
= 2T �m

@r
@t

·

@r
@t

+
@r
@qk

q̇k

�
= 2T �m

@r
@t

· dr
dt

, (4.125)
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using equations (4.123) and (4.124). The Hamiltonian H can therefore be written

H = T + U �m
dr
dt

· @r
@t

= T + U � p · @r
@t

(4.126)

where p is the momentum of the particle in the chosen inertial frame. If the
transformation r = r(qk, t) between the Cartesian coordinates r = (x, y, z) and
the generalized coordinates qk happens not to be an explicit function of time, i. e.,
if @r/@t = 0, then the Hamiltonian is just T + U . This case occurs when there are
no constraints or when any constraints are fixed in space. But if the constraints
are moving, then the transformation r = r(qk, t) does generally depend upon time,
and so in the likely case that there is a component of @r/@t in the direction of the
particle’s momentum p, the Hamiltonian is not equal to T + U .

For the problem of the bead on a rotating parabolic wire, where the constraint
is obviously moving, the position vector of the bead can be taken to be r =
(x, y, z) = (r cos!t, r sin!t,↵r2). In that case we found that H = T +U �m!2r2,
and it is easy to show that m!2r2 = p · @r/@t, as required by equation (4.126).
It is clear that T + U is not conserved in this case because the rotating wire is
continually doing work on the bead. The wire exerts a force F ✓ in the tangential
direction, which causes work to be done at the rate dW/dt = F ✓v✓ = F ✓r!. From
the elementary relationship N z = dLz/dt, with torque N z = F ✓r and angular
momentum Lz = (r⇥ p)z = mr2!, it follows that

dW

dt
= !

d(mr2!)
dt

= m!2

dr2

dt
, (4.127)

so that the work done by the wire is W = m!2r2 plus a constant of integration,
which depends upon the initial location of the bead. Thus the “energy” T + U of
the bead increases by the work done upon it by the wire, so that T +U minus the
work done must be conserved, and that di↵erence T + U �m!2r2 = H.

Note that

(1) H is conserved if the Lagrangian L is not an explicit function of time.

(2) H = T + U if the coordinate transformation r = r(qk, t) is not an explicit
function of time. Therefore it is possible to have T +U = H, with both T +U and
H conserved, or neither conserved, and it is also possible to have T +U 6= H, with
both conserved, neither conserved, or only one of the two conserved. Examples
are given in the problems.
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4.10 Exercises and Problems

PROBLEM 4-1 : Example 4-1 featured a bead sliding on a vertically-oriented
helix of radius R. The angle ✓ about the symmetry axis was related to its vertical
coordinate z on the wire by ✓ = ↵z. There is a uniform gravitational field g
vertically downward. (a) Rewrite the Lagrangian and find the Lagrange equation,
using z as the generalized coordinate. (b) Are there any conserved dynamical
quantities? (c) Write the simplest di↵erential equation of motion of the bead, and
go as far as you can to solve analytically for the z as a function of time.

PROBLEM 4-2 : In Example 4-2 we found the equation of motion of a block
on an inclined plane, using the generalized coordinate s, the distance of the block
from the bottom of the incline. Solve the equation for s(t), in terms of an arbitrary
initial position s(0 and velocity ṡ(0).

PROBLEM 4-3 : A bead of mass m is placed on a vertically-oriented circular
hoop of radius R and negligible mass that is free to rotate about a vertical axis
through its center. There is a uniform downward-directed gravitational field g.
(a) Using polar and azimuthal angles ✓ and ' as generalized coordinates, find the
kinetic and potential energies of the bead. (b) Find the equations of motion using
Lagrange’s equations. (c) Write down two first integrals of the motion. What is
the physical significance of each?

PROBLEM 4-4 : A particle of mass m slides inside a smooth hemispherical
bowl of radius R. Beginning with spherical coordinates r, ✓ and ' to describe
the dynamics, select generalized coordinates, write the Lagrangian, and find the
di↵erential equations of motion of the particle.

PROBLEM 4-5 : A particle moves in a cylindrically symmetric potential
V (r, z). Use cylindrical coordinates r, ✓, and z to parameterize the space.

(a) Write the Lagrangian for an unconstrained particle of mass m (using cylin-
drical coordinates) in the presence of this potential.

(b) Write the Lagrange equations of motion for r, ✓ and z.
(c) Identify and cyclic coordinates, and write a first integral corresponding to

each.

PROBLEM 4-6 : A spring pendulum has the pendulum bob of mass m attached
to a spring of force-constant k and unstretched length R

0

. The pendulum is
constrained to swing in a vertical plane (i.e. two degrees of freedoms are at work).
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(a) Write the Lagrangian for the blob. Do not forget the potential for the
spring.

(b) Write the equations of motion for ✓ and r. Stare at the resulting di↵erential
equations and write me a brief thank you note for not asking you to solve them.

PROBLEM 4-7 : A particle of mass m slides inside a smooth paraboloid of
revolution whose axis of symmetry z is vertical. The surface is defined by the
equation z = ↵r2, where z and r are cylindrical coordinates, and ↵ is a constant.
There is a uniform gravitational field g. (a) Select two generalized coordinates
for m. (b) Find T,U, and L. (c) Identify any ignorable coordinates, and any
conserved quantities. (d) Show that there are two first integrals of motion, and
find the corresponding equations.

PROBLEM 4-8 : Repeat the preceding problem for a particle sliding inside a
smooth cone defined by z = ↵r.

PROBLEM 4-9 : A spring pendulum features a pendulum bob of mass m
attached to one end of a spring of force-constant k and unstretched length R. The
other end of the spring is attached to a fixed point on the ceiling. The pendulum
is allowed to swing in a plane. Use r, the distance of the bob from the fixed point,
and ✓, the angle of the spring relative to the vertical, as generalized coordinates.
(a) Find the kinetic and potential energies of the bob in terms of the generalized
coordinates and velocities. (b) Find the Lagrangian. Are there any ignorable
coordinates? (c) Are there any conserved quantities? (d) Find a complete set of
equations of motion, including as many first integrals as possible.

PROBLEM 4-10 : A pendulum is constructed from a bob of mass m on one
end of a light string of length D. The other end of string is attached to the top of
a circular cylinder of radius R (R < 2D/⇡). The string makes an angle ✓ with the
vertical, as shown below, as the pendulum swings in the plane. There is a uniform
gravity g directed downward. (a) Find the Lagrangian and write out Lagrange’s
equation using ✓ as the generalized coordinate. (b) Identify any first integrals of
motion. (c) Find the frequency of small oscillations about the stable equilibrium
point.

PROBLEM 4-11 : A particle moves with a cylindrically symmetric potential
energy U = U(r, z) where r, ✓, z are cylindrical coordinates. (a) Write the La-
grangian for an unconstrained particle of mass m in this case. (b) Are there any
cyclic coordinates? If so, what symmetries do they correspond to, and what are
the resulting constants of the motion? (c) Write the Lagrange equation for each
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cyclic coordinate. (d) Find the Hamiltonian H. Is it conserved? (e) Find the total
energy E. Is E = H? is E conserved? (f) Write the simplest (i.e., lowest-order)
complete set of di↵erential equations of motion of the particle.

PROBLEM 4-12 : A plane pendulum is made with a plumb bob of mass
m hanging on a Hooke’s-law spring of negligible mass, force constant k, and un-
stretched length `

0

. The spring can stretch but is not allowed to bend. There is
a uniform downward gravitational field g. (a) Select generalized coordinates for
the bob, and find the Lagrangian in terms of them. (b) Write out the Lagrange
equations of motion (c) Are there any conserved quantities? If so, write down the
corresponding conservation law(s). (d) If the bob is swinging back and forth, find
the frequency of small oscillations in the general case where the spring can change
its length while the bob is swinging back and forth.

PROBLEM 4-13 : Motion in a slowly-changing uniform electric field
A particle of mass m and charge q moves within a parallel-plate capacitor

whose charge Q is decays exponentially with time, Q = Q
0

e�t/⌧ , where ⌧ is the
time constant of the decay. Find the equations of motion of the particle.

PROBLEM 4-14 : A pendulum consists of a plumb bob of mass m on the end
of a string that swings back and forth in a plane. The upper end of the string
passes through a small hole in the ceiling, and the angle ✓ of the bob relative to the
vertical changes with time as it swings back and forth. The string is pulled upward
at constant rate through the hole, so the length R of the pendulum decreases at a
constant rate, with dR/dt = �↵. (a) Find the Lagrangian of the bob, using ✓ as
the generalized coordinate. (b) Find the Hamiltonian H. Is H equal to the energy
E? Why or why not? (c) Is either H or E conserved? Why or why not?

PROBLEM 4-15 : A spherical pendulum consists of a particle of mass m on
the end of a string of length R. The position of the particle can be described by
a polar angle ✓ and an azimuthal angle '. The length of the string decreases at
the rate dR/dt = �f(t), where f(t) is a positive function of time. (a) Find the
Lagrangian of the particle, using ✓ and ' as generalized coordinates. (b) Find the
Hamiltonian H. Is H equal to the energy? Why of why not? (c) Is either E or H
conserved? Why or why not?

PROBLEM 4-16 : A particle of mass m travels between two points x = 0
and x = x

1

on Earth’s surface, leaving at time t = 0 and arriving at t = t
1

. The
gravitational field g is uniform. (a) Suppose m moves along the ground (keeping
altitude z = 0) at steady speed. Find the total action S to go by this path. (b)
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Suppose instead that m moves along the least-action parabolic path. Show that
the action in this case is

S =
mx2

1

2t
1

� mg2t3
1

24
(4.128)

and verify that it is less than the action for the straight-line path of part (a).

PROBLEM 4-17 : Suppose the particle of the preceding problem moves instead
at constant speed along a isoceles triangular path between the beginning point and
the end point, with the high point at height z

1

above the ground, at x = x
1

/2 and
t = t

1

/2. (a) Find the action for this path. (b) Find the altitude z
1

corresponding
to the least-action path among this class of constant-speed triangular paths. (c)
Verify that the total action for this path is greater than that of the parabolic path
of the preceding problem.

PROBLEM 4-18 : A plane pendulum consists of a light rod of length R sup-
porting a plumb bob of mass m in a uniform gravitational field g. The point
of support of the top end of the rod is forced to oscillate back and forth in the
horizontal direction with x = A cos!t. Using the angle ✓ of the bob from the ver-
tical as the generalized coordinate, (a) find the Lagrangian of the plumb bob. (b)
Are there any conserved dynamical quantities? (c) Find the simplest di↵erential
equation of motion of the bob.

PROBLEM 4-19 : Solve the preceding problem if instead of being forced to
oscillate in the horizontal direction, the upper end of the rod is forced to oscillate
in the vertical direction with y = A cos!t.

PROBLEM 4-20 : A particle of mass m on a frictionless table top is attached
to one end of a light string. The other end of the string is threaded through a small
hole in the table top, and held by a person under the table. If given a sideways
velocity v

0

, the particle circles the hole with radius r
0

. At time t = 0 the mass
reaches an angle defined to be ✓ = 0 on the table top, and the person under the
table pulls on the string so that the length of the string above the table becomes
r(t) = r

0

�↵t for a period of time thereafter, where ↵ is a constant. Using ✓ as the
generalized coordinate of the particle, find its Lagrangian, identify any conserved
quantities, finds its simplest di↵erential equation of motion, and get as far as you
can using analytic means alone toward finding the solution ✓(t) (or t(✓) ).

PROBLEM 4-21 : A rod is bent in the middle by angle ↵. The bottom portion
is kept vertical and the top portion is therefore oriented at angle ↵ to the vertical.
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A bead of mass m is slipped onto the top portion and the bottom portion is forced
by a motor to rotate at constant angular speed ! about the vertical axis. (a) Define
a generalized coordinate for the bead and write down the Lagrangian. (b) Identify
any conserved quantity or quantitiies and explain why it (or they) are conserved.
(c) Find the generalized momentum of the bead and the Hamiltonian. (d) Are
there any equilibrium points of the bead? If so, are they stable or unstable?

PROBLEM 4-22 : Equation 4.63 for the Hamiltonian of a bead on a parabolic
wire turning with constant angular velocity ! is

H =
1
2
m[(1 + 4↵2r2)ṙ2 � r2!2] + mg↵r2, (4.129)

where H is a constant. Reduce the problem to quadrature: That is, find an
equation for the time t is terms of an integral over r.

PROBLEM 4-23 : A bead of mass m is placed on a vertically-oriented circular
hoop of radius R that is forced to rotate with constant angular velocity ! about a
vertical axis through its center. (a) Using the polar angle ✓ measured up from the
bottom as the single generalized coordinate, find the kinetic and potential energies
of the bead. (Remember that the bead has motion due to the forced rotation of
the hoop as well as motion due to changing ✓. ) (b) Find the bead’s equation of
motion using Lagrange’s equation. (c) Is its energy conserved? Why or why not?
(c) Find its Hamiltonian. Is H conserved? Why or why not? (d) Is E = H? Why
or why not? (e) Find the equilibrium angle ✓

0

for the bead as a function of the
hoop’s angular velocity !. Sketch a graph of ✓

0

versus !. Notice that there is a
“phase transition” at a certain critical velocity !crit. (b) Find the frequency of
small oscillations of the bead about the equilibrium angle ✓

0

, as a function of !.

PROBLEM 4-24 : A bead of mass m is placed on a vertically-oriented elliptical
hoop that is forced to rotate with constant angular velocity ! about a vertical axis
through its center. The ellipse is defined by (x/a)2 + (y/b)2 = 1 where a and b
are the semimajor and semiminor axes of the ellipse, and suppose that the vertical
axis is the semiminor axis. (a) Choose a generalized coordinate for the bead and
find the Lagrangian (b) Is the bead’s energy conserved? Why or why not? (c)
Is the bead’s angular momentum conserved about the vertical axis? Why or why
not? (d) Find the bead’s Hamiltonian. Is H conserved? Why or why not? (d)
Is E = H? Why or why not? (e) Given !, is there an equilibrium position of the
bead, and is it stable or unstable?

PROBLEM 4-25 : A wire is bent into the shape of a cycloid, defined by the
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parametric equations x = A(' + sin') and y = A(1 � cos'), where ' is the
parameter (�⇡ < ' < ⇡), and A is a constant. The wire is in a vertical plane, and
is spun at constant angular velocity ! about a vertical axis through its center. A
bead of mass m is slipped onto the wire. (a) Find the Lagrangian of the bead,
using the parameter ' as the generalized coordinate. (b) Identify any first integral
of motion of the bead. (c) Are there any equilibrium points of the bead? Are they
stable or unstable? For any stable equilibrium point, find the frequency of small
oscillations about that point.

PROBLEM 4-26 : Center of mass and relative coordinates. Show that for two
particles moving in one dimension, with coordinates x

1

and x
2

, with a potential
that depends only upon their separation x

2

� x
1

, then the Lagrangian

L =
1
2
m

1

ẋ2

1

+
1
2
m

2

ẋ2

2

� U(x
2

� x
1

) (4.130)

can be rewritten in the form

L =
1
2
MẊ2 +

1
2
µẋ02 � U(x0), (4.131)

where M = m
1

+ m
2

is the total mass and µ = m
1

m
2

/M is the “reduced mass”
of the system, and X = (m

1

x
1

+ m
2

x
2

)/M is the center of mass coordinate and
x0 = x

2

� x
1

is the relative coordinate.

PROBLEM 4-27 : A small block of mass m and a weight of mass M are
connected by a string of length D. The string has been threaded through a small
hole in a tabletop, so the block can slide without friction on the tabletop, while
the weight hangs vertically beneath the tabletop. We can let the hole be the origin
of coordinates, and use polar coordinates r, ✓ for the block, where r is the block’s
distance from the hole, and z for the distance of the weight below the tabletop. (a)
Using generalized coordinates r and ✓, write down the Lagrangian of the system of
block plus weight. (b) Write down a complete set of first integrals of the motion,
explaining the physical meaning of each. (c) Show that the first integrals can be
combined to give an equation of the form

E =
1
2
(M + m)ṙ2 + U

e↵

(r) (4.132)

and write out an expression for U
e↵

(r). (d) Find the radius of a circular orbit
of the block in terms of constants of the motion. (e) Now suppose the block
executes small oscillations about a circular orbit. What is the frequency of these
oscillations? Is the resulting orbit of the block open or closed? That is, does the
perturbed orbit of the block continually return to its former position or not?
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PROBLEM 4-28 : The Moon has no atmosphere, so it would be possible
in principle to shoot projectiles o↵ its surface with the escape velocity or even
higher. The projectiles might be mined Moon material, shot into space to use
as raw material for building structures there. One way to raise material to the
escape velocity would be to construct a huge boom that would continually swing
around in a horizontal plane with constant angular velocity !. Buckets of material
would be dropped onto the boom at some small distance r

0

from the rotation axis,
with no initial radial velocity. The buckets would then be thrown outward by the
boom’s rotation and would come o↵ the end of the boom with the escape velocity
if the boom is long enough and if ! is large enough. (a) Find the Lagrangian for
a bucket of material of mass m. (b) Find its equation of motion. (c) Solve it for
r(t), subject to the given initial conditions (i. e., be sure that r = r

0

and ṙ = 0 at
t = 0.) (d) If the boom has radius R, find the radial and tangential components of
the bucket’s velocity, and its total speed, as it emerges from the end of the boom.
(e) Find the power input P = dE/dt into a bucket of mass m as a function of time.
Is the power input larger at the beginning or end of the bucket’s journey along the
boom? (f) Find the torque exerted by the boom on the bucket, as a function of
the position r of the bucket on the boom. There would be an equal but opposite
torque back on the boom, caused by the bucket, which might break the boom. At
what part of the bucket’s journey would this torque most likely break the boom?
(g) If R = 100 meters and r

0

= 1 meter, what must be the rotational period of
the boom so that buckets will reach the Moon’s escape speed as they fly o↵ the
boom?

PROBLEM 4-29 : Consider a vertical circular hoop of radius R rotating about
a vertical axis with constant angular velocity ⌦. A bead of mass m is threaded
on the hoop. Denote the angle along the hoop of the bead as measured from the
vertical as ✓.

(a) Write the Lagrangian and equations of motion.
(b) For small angles ✓ ⌧ 1 (in radians), we have the approximate expressions

cos ✓ ⇠ 1 and sin ✓ ⇠ ✓. In this regime, simplify the equation of motion for ✓. Say
a sentence about the solution ✓(t) that you expect.

(c) In the result of part (a), rewrite things in terms of the new coordinate
↵ ⌘ ✓�⇡. Note the mildly exciting identities cos(↵+⇡) = � cos↵ and sin(↵+⇡) =
� sin↵. Now consider the regime ↵ ⇠ 0 and simplify the equation of motion for
↵.

PROBLEM 4-30 : Consider the Lagrangian L0 = m ẋ ẏ � k x y for a particle
free to move in two dimensions, where x and y are Cartesian coordinates, and m
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and k are constants.
(a) Find the equations of motion for the system.
(b) Confirm that the answer to part (a) is the same if we were to use instead

the Lagrangian for the Harmonic Oscillator L = (1/2)m(ẋ2+ ẏ2)�(1/2)k(x2+y2).
(c) Show that L and L0 do not di↵er by a total derivative!

PROBLEM 4-31 : In certain situations, it is possible to incorporate frictional
e↵ects without introducing the dissipation function. As an example, consider the
Lagrangian

L = e�t

✓
1
2
mq̇2 � 1

2
kq2

◆
. (4.133)

(a) Find the equation of motion for the system.
(b) Do a coordinate change s = e�t/2q. Rewrite the dynamics in terms of s.
(c) How would you describe the system?

PROBLEM 4-32 : Consider a particle moving in three dimensions with La-
grangian L = (1/2)m(ẋ2 + ẏ2 + ż2) + aẋ = b, where a and b are constants. (a)
Find the equations of motion and show that the particle moves in a straight line
at constant speed, so that it must be a free particle. (b) The result of (a) shows
that there must be another reference frame (x0, y0, z0) such that the Lagrangian is
just the usual free-particle Lagrangian L0 = (1/2)m(ẋ02 + ẏ02 + ż02). However, L0

may also be allowed an additive constant, which cannot show up in Lagrange’s
equations. Find the Galilean transformation between (x, y, z) and (x0, y0, z0) and
find the velocity of the new primed frame in terms of a and b.

PROBLEM 4-33 : Consider a Lagrangian L0 = L+df/dt, where the Lagrangian
is L = L(t, qk, q̇k), and the function f = f(qk, t). (a) Show that L0 = L0(qk, q̇k, t), so
that it depends upon the proper variables. Show that this would not generally be
true if f were allowed to depend upon the q̇0ks. (b) Show that L0 obeys Lagrange’s
equations if L does, by substituting L0 into Lagrange’s equations. Therefore the
equations of motion are the same using L0 as using L, so the Lagrangian of a
particle is not unique. (This problem requires care in taking total and partial
derivatives!)

PROBLEM 4-34 : Show that the function L0 given in the preceding problem
must obey Lagrange’s equations if L does, directly from the principle of stationary
action. Lagrange’s equations do not have to be written down for this proof!

PROBLEM 4-35 : Consider the Lagrangian L0 = mẋẏ � kxy for a parti-
cle free to move in two dimensions, where x and y are Cartesian coordinates,
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and m and k are constants. (a) Show that his Lagrangian gives the equations
of motion appropriate for a two-dimension simple harmonic oscillator. There-
fore as far as the motion of the particle is concerned, L0 is equivalent to L =
(1/2)m(ẋ2 + ẋ2) � (1/2)k(x2 + y2). (b) Show that L0 and L do not di↵er by the
total time derivative of any function f(x, y). Therefore L0 is not a member of the
class of Lagrangians mentioned in the preceding problems, so there are even more
Lagrangians describing a particle than suggested before.

PROBLEM 4-36 : Consider a Lagrangian that depends on second derivatives
of the coordinates

L = L(qk, q̇k, q̈k, t) . (4.134)

Through the variational principle, show that the resulting di↵erential equations of
motion are third order in the time derivative.


