Accelerated Reference Frames (revised)

Monday, 28 November 2011

Physics 111

Newton’s equations apply in inertial frames, but sometimes
it is more convenient to work in an accelerated frame. In
accelerated frames, pseudo forces corresponding to the accel-
eration of the frame must be added to provide a consistent
description of the dynamics.

Center of Mass

Before turning to accelerated frames, I will reiterate a point made before about
the kinetic energy of a system of mass points. Namely, the kinetic energy may be
expressed in terms of the motion of the center of mass and the motion with respect
to the center of mass. The derivation is important but not difficult, so here goes.

The kinetic energy of the particles is

Zmar ——Zma(R+ra) (R+1,)
where r/, = R+r, is the position of the ath particle with respect to an inertial frame,

R=— Z mar (1)

is the center of mass of the particles, M = ¥, m,, and r, is the position of the ath
particle with respect to the center of mass. Expanding the dot product gives

. . . . d
=1 > (maR> + marl +2m R i) = : (MR2 + > maiy+R-— " mara)
2% 2 " dt 5

but by the definition of the center of mass in Eq. (1), the sum in the final term in
parentheses vanishes. Therefore,

T= MR2 Zm‘x (2)

which is to say that the kinetic energy may be expressed as that of a single mass point
having the entire mass of the system, located at the center of mass, and moving with
the center of mass, plus the kinetic energy of particles moving with respect to the
center of mass. We shall see shortly that the summation in Eq. (2) takes a simpler
form in the case of a (rotating) rigid body, but the expression given here is perfectly
general.
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1. ACCELERATED FRAMES

Exercise 1 Show that if the particles interact amongst themselves via forces that
obey Newton’s third law, in addition to any external forces, the acceleration of the
center of mass is equal to the sum of all external forces divided by the total mass of
the particles.

1. Accelerated Frames

Let’s remind ourselves of Newton’s three laws, first in Motte’s 1729 translation:

L. Every body perseveres in its state of rest, or of uniform motion in a right line,
unless it is compelled to change that state by forces impressd thereon.

I1. The alteration of motion is ever proportional to the motive force impressd; and
is made in the direction of the right line in which that force is impressd.

III. To every action there is always opposed an equal reaction: or the mutual actions
of two bodies upon each other are always equal, and directed to contrary parts.

The first law claims that in the absence of external forces, a body either remains
at rest or it moves at constant velocity. In both cases, the claim makes sense only if
we are looking at the body in an inertial frame of reference. Put another way, the
first law argues that there are inertial frames of reference and motion is particularly
dull in such frames for objects free from external forces.

The second law needs a little translational help. If motion simply means velocity,
then the (time rate of) change in velocity is proportional to the impressed force; on
the other hand, if we understand motion to mean momentum, then we have

v _g

T (3)

In either case, the statement presumes that we are looking at the “body” from an
inertial frame of reference.
The third law argues that forces come in pairs: the force on A caused by B is
equal and opposite to the force on B caused by A. Their vector sum is always zero.
Newton’s laws hold (at least approximately) in inertial reference frames. We
have built Lagrangian and Hamiltonian dynamics on the Newtonian bedrock, so
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2. ROTATION

you ought not to be surprised that they presume that coordinates are measured with
respect to an inertial frame. Sometimes, however, that’s just not particularly con-
venient. If we happened to be doing physics inside an elevator—and frankly, who
doesn’t from time to time?—then we might find it much more convenient to use the
elevator as the reference frame and patch up Newton’s laws by adding in one or more
terms to account for the motion of the noninertial (elevator) frame. In general, such
a frame may both translate and rotate with respect to an inertial frame. How can we
account for this?

Translations are straightforward. Let the coordinates of a point on the elevator
be R and let us measure positions within the elevator with respect to said point. Then

r=R+r

where 1t/ is the position of a mass point with respect to an inertial frame, R is the
position of the elevator in the inertial frame, and r is the position of the particle
with respect to the elevator. Since

F™' = mi’ = mR + mi
the equation of motion in the elevator frame is
mi = F* — mR

That is, the mass times the acceleration in the elevator frame is equal to the sum of
the external forces plus a “pseudo force,” —mR. In particular, if the elevator is in free
fall in a uniform gravitational field, then the acceleration (in the elevator frame) is

MmzZ =mg—mg=o0
and the particle does not accelerate with respect to the elevator.

2. Rotation

Rotation is a more interesting case. Consider a vector A at rest in a frame that
rotates with respect to an inertial frame through an infinitesimal angle §0. As shown
in Fig. 1, the change in A is perpendicular to both A and §0 and has magnitude 66 A.
If A had a component parallel to 66, it would not be modified by the rotation; it is
only the component in the plane perpendicular to the rotation axis that counts. The
upshot is that the change in A is given by

A =60xA

If the rotation takes place in time dt, then taking the limit as §¢ - o we obtain

dA

E?=wa (4)
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2. ROTATION

Figure 1: The frame in which A is at rest
rotates through angle 69, “displacing” A to
A + 6A (red). Translating A back to align A+0A _-- i

the tail of the vector to the original vector -7 \5A
A, allows us to identify A, the change in - 39

A (green). Note that the vector direction of A

00 is perpendicular to the plane of the figure
and determined by the right-hand rule.

Y

If, in addition, the vector A itself is changing in the rotating frame, then the change

in A in the inertial frame is
dA dA
22 (22 A
(dt )in (dt )rot+wx (5)

To understand Newtonian dynamics in the rotating frame, we will need to com-
pute the acceleration, which requires us to apply Eq. (5) twice: first to get the velocity
v = I and again to get the acceleration a = i:

Iip = Trot + @ X T (6)
Yin = E (rrot + W X 1‘)r0t + w x (l'rot + w X r)
so that
fin:fr0t+(bxr+2wxfrot+wx(wxr) (7)
—_— —
Coriolis centrifugal

Expressing Newton’s second law, F = mf,, in terms of the quantities in the ro-
tating frame, we get

Mo = F— m@ x r — 2mw x frop — mw x (w x 1) (8)

Coriolis centrifugal

where the three extra terms on the right are three pseudo forces that arise because we
are using coordinates in the noninertial rotating frame. The first of these is usually
negligible in situations of practical interest. The second is called the Coriolis force,!
and the third is the centrifugal force. Let’s consider each of them in turn.

To simplify things a bit, we will consider two-dimensional motions on a rotat-
ing turntable in a horizontal plane. The first pseudo force is nonzero during spin-up

'Gaspard-Gustave de Coriolis (1792-1843) described this term in a paper of 1835, Sur le principe des
forces vives dans les mouvements relatifs des machines, although Laplace had obtained the same term
in connection with tides in 1778, while Giovanni Battista Riccioli and Francesco Maria Grimaldi had
described it in connection with artillery in 1651. Evidently, Coriolis’s name was first associated with
this term early in the 20th century.
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2. ROTATION 2.1 Alternative Derivation

and points in the azimuthal direction. If you put a penny on a greased-up turntable
at rest, start up the turntable in a counterclockwise direction seen from above, and
watch the penny while standing on the axis of the turntable, you will see the penny
move to the right (as the turntable slides beneath it) under the influence of this
pseudo force.

Now stop the turntable, strip off the grease, and start the turntable up again.
The third term (the centrifugal force) grows like w* and points radially outward.
Eventually, it exceeds the maximum static friction force the turntable can supply
and the penny begins to slide radially outward.

At this point, the Coriolis force comes into play. The radial motion is outward,
and the angular velocity vector is vertically up, so the Coriolis force acts to the right
as viewed from the center of the turntable. Instead of moving straight outward under
the centrifugal force, the penny veers to the right.

2.1 Alternative Derivation

I would like to offer an alternative approach to the derivation of the acceleration
in the rotating frame, this time using the Lagrangian formalism. To that end, we
need an expression for the kinetic energy, expressed in terms of our chosen general-
ized coordinates (which are Cartesian coordinates r = (x, y, z) in the rotating frame,
measured with respect to an origin on the axis of rotation). In an infinitesimal time
interval dt, this vector changes with respect to an inertial frame for two reasons:

1. rchanges: r - r + 0r
2. the frame rotates: r - r+ 60 x r
Of course, if both changes happen at once, we have
r—>r+0r+00xr

so that the rate of change in position (in the inertial frame) is

or+60 xr
Ve ———

=fr+wWXr
ot

Since v is measured with respect to an inertial frame, we may use it to compute the
kinetic energy of the particle:

T=—[tt+2t-@wxr+ (wxr) (wxr)]
2
Note that each value of r and r refers to the generalized coordinates in the rotat-
ing frame, and I have colored each term to make it easier to track each term in the
following.
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2.1 Alternative Derivation 2. ROTATION

Let us ignore any potential energy for the moment to focus on the kinetic energy
in terms of the generalized coordinates (x, y,z) = (r',7%,73). Well take it step by
step. First, we need to express T in component form:

-2 [fii’i + 26 TR i irk 4 (eijkwjrk)(eizmwlrm)]
2

Now we take the partial with respect to 7":

oT .
— = n [2%“ + 26"]kw1rk]
or" 2
The total time derivative of this quantity is
d (0T : : .
T (ﬁ) =m[i"+ ek (wirk + w]fk)]

=m[f+@xr+wxt]”
Taking instead the partial with respect to r" gives

or _m [267" 0w/ + " wle
or" 2
I'would now like to show that the two terms in red in this last expression are the same.
To manage this, I will use the permutation properties of the Levi-Civita symbols to
bring the 7 to the front:

oTr _m [zeijni,iwj + — Ml lgilm gyl m _ €nliwl€ijkwjrk]

or" 2
m [ w - {wx (wx1)}"]

=-mwxt+wx (wxr)]”

zlmwlrm 4 ez]kw]rkezlnwl]

Putting these results together, we have
d ( oL ) oL oU

A —an:m[i‘+¢bxr+2wxi‘+wx(wxr)]"+ =0
r r

or"
In other words, the “Newtonian” equation of motion for r is

’mi‘:—vU—m(vxr—zmwxf—mwx(wxr)‘

Of course, this result is identical to Eq. (8). All terms involving r are expressed in
the rotating frame.

Exercise 2 Show that the angular deviation § of a plumb line from the true vertical
at a point on the Earth’s surface at latitude A (measured from the Equator) is

5= tRw?sin2A

~ g- Rw?cos? A

where R is the radius of the Earth. What is the greatest value (in arc-seconds) for
this deviation?
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3. FOUCAULT’S PENDULUM

Exercise 3 Compare the centrifugal acceleration at the Equator due to the Earth’s
rotation to the gravitational acceleration. By what factor is the centrifugal acceler-
ation due to the Earth’s rotation greater than the centrifugal acceleration due to its
motion about the Sun. (Light takes about 500 seconds to travel from the Sun to the
Earth.)

3. Foucault’s pendulum

Jean Bernard Léon Foucault (1819-1868) made the first successful demonstration
of the Earth’s rotation using a pendulum at the Paris Observatory in February, 1851.
Shortly thereafter, he suspended a 28-kg bob from a 67-m long wire from the dome
of the Panthéon in Paris. The pendulum’s plane of oscillation rotated clockwise 11°
per hour. Why?

Let’s assume that the pendulum is at latitude A (measured with respect to the
equator), as shown in Fig. 2. Then the Earth’s angular velocity is
Q=Q(ZsinA —%cosA) (9)

where Z points vertically up, ¥ points east, and % points south. The Coriolis force is
thus
Fcoriolis = —2mQ x t = —2mQ[Zsin A — X cosA] x (k% + yy + 2Z) (10)
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3. FOUCAULT’S PENDULUM

(a) Coordinate system for Foucault’s pen- (b) Local coordinates
dulum

Figure 2: Foucault’s pendulum.

For small-amplitude oscillations, z is negligible. Then
Fcoriolis ® —2mQ [sin A(x§ — yX) | + higher order terms (11)

Newton’s equations in the x y plane then become
NN X Va . N
m(XX+ yy) = —-mg i —2mQsin A (2§ - y%) (12)
Let w* = g/¢. Then Eq. (12) becomes the coupled equations

¥+wx-2QsinAy=o0 (13)

J+w’y+2Qsindx =0 (14)

An elegant approach to solving these coupled equations is to pack x and y into
the complex variable z = x + iy. Multiplying Eq. (14) by i and adding, we have

i+ij+ o (x+iy)+2Q.(ix-p)=o0 - Z+wz+2iQ,2=0 (15)

where ), = QsinA is the vertical component of the Earth’s angular velocity. We
now guess a solution of the form z = z,e’*, substitute into Eq. (15), and convert the
differential equation to a quadratic equation:

(=8> + w* +2iQ,is)z=0 S S +20,5-w=0 (16)
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3. FOUCAULT’S PENDULUM

with roots
s=-Q, +/Q2+ w? (17)

Of course, the oscillation frequency of the pendulum is many orders of magnitude
greater than the rotation rate of the Earth, so to first order in Q,

2

Q
S%—inw(1+ Z)N—inw (18)
2w*

The general solution for z is therefore
z = (Aezwt + Be_iwt)e_iQZt (19)

Suppose that at ¢ = o the pendulum is aligned with the x direction. Then the
term in parentheses is (and remains) real, since A = B and the term is 2A cos wt. If
we wait until Q,t = 7/2, then z will be purely imaginary and the pendulum oscil-
lates in the y direction. Hence, the plane of oscillation rotates at angular frequency
Q. = Qsin A. At the latitude of Claremont, 34°5'48" N, the plane would rotate with
a period of 42.8 h. If we set up a Foucault pendulum with a circle of little pins sur-
rounding it, why does this period imply that all the pins would be knocked over in
21.4 h?

Exercise 4 The latitude of the Panthéon in Paris is 48°50"46" N. Calculate the rate
of rotation of the plane of Foucault’s pendulum and compare to that reported above.

Problem 5 - Dangerous Celebration?  If a particle is projected vertically upward
to a height / above a point on the Earth’s surface at a northern latitude A, show that
it strikes the ground at a point

4/3 wcosAy\/8h3/g

to the west, if you neglect air resistance and assume # is small (compared to what?).

Problem 6 - Centrifugal Potential  Consider a particle moving in a potential
U(r). Rewrite the Lagrangian in terms of a coordinate system in uniform rota-
tion with respect to an inertial frame. Calculate the Hamiltonian and determine
whether H = E. Is H a constant of the motion? If E is not a constant of motion,
why isn’t it? The expression for the Hamiltonian thus obtained is the standard for-
mula 1/2mv* + U plus an additional term. Show that the extra term is the centrifugal
potential energy.
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3. FOUCAULT’S PENDULUM

Problem 7 Chemist Ferdinand Reich conducted early experiments on the Cori-
olis acceleration in 1831, shortly before Coriolis made his investigation in 1832-5.
Reich dropped pellets down a 158.5-m-deep mine shaft in Freiberg, Germany, and
observed a mean eastward deflection of 28.3 mm. The latitude of Freibergis A = 51°.

(a) Calculate the expected eastward deflection, clearly stating any simplifying as-
sumptions you make.

(b) Reich also found a small southerly deflection, as have subsequent investiga-
tors. This is a second-order Coriolis effect. The eastward velocity arises from
the dominant vertical (z) motion; the eastward velocity (y) produces a Corio-
lis acceleration in the x direction, proportional to w?, where w is the angular
speed of the Earth. You also need to keep track of the variation of g and the
centrifugal force with height, since they are also proportional to w*. In fact, all
terms are proportional to % sin A cos A According to Marion and Thornton
(10-13), the total southerly deflection is

4h*w?sin A cos A
g

But they’re wrong. The correct leading coefficient is not 4. Find the correct
coeflicient analytically by keeping track of all terms through quadratic order in
w. Then check your work with an exact numerical calculation in Mathematica.
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