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I would like to o�er an alternative approach to the derivation of the acceleration
in the rotating frame, this time using the Lagrangian formalism. To that end, we
need an expression for the kinetic energy, expressed in terms of our chosen general-
ized coordinates (which are Cartesian coordinates r = (x , y, z) in the rotating frame,
measured with respect to an origin on the axis of rotation). In an in�nitesimal time
interval δt, this vector changes with respect to an inertial frame for two reasons:

1. r changes: r→ r + δr

2. the frame rotates: r→ r + δθ × r

Of course, if both changes happen at once, we have

r→ r + δr + δθ × r

so that the rate of change in position (in the inertial frame) is

v =
δr + δθ × r

δt
= ṙ + ω × r

Since v is measured with respect to an inertial frame, we may use it to compute the
kinetic energy of the particle:

T =
m
2

[ṙ ⋅ ṙ + 2ṙ ⋅ ω × r + (ω × r) ⋅ (ω × r)]

Note that each value of r and ṙ refers to the generalized coordinates in the rotat-
ing frame, and I have colored each term to make it easier to track each term in the
following.

Let us ignore any potential energy for themoment to focus on the kinetic energy
in terms of the generalized coordinates (x , y, z) = (r1, r2, r3). We’ll take it step by
step. First, we need to express T in component form:

T =
m
2

[ṙ i ṙ i + 2єi jk ṙ iω jrk + (єi jkω jrk)(єi lmωl rm)]

Now we take the partial with respect to ṙn:

∂T
∂ṙn
=

m
2

[2ṙn + 2єn jkω jrk]
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�e total time derivative of this quantity is

d
dt

(

∂T
∂ṙn

) = m [r̈n + єn jk(ω̇ jrk + ω j ṙk)]

= m [r̈ + ω̇ × r + ω × ṙ] n

Taking instead the partial with respect to rn gives

∂T
∂rn
=

m
2

[2єi jn ṙ iω j
+ єi jnω jєi lmωl rm + єi jkω jrkєi lnωl

]

Iwould now like to show that the two terms in red in this last expression are the same.
To manage this, I will use the permutation properties of the Levi-Civita symbols to
bring the n to the front:

∂T
∂rn
=

m
2

[2єi jn ṙ iω j
+ −єn jiω jєi lmωl rm − єnl iωlєi jkω jrk]

= m [−єn ji ṙ iω j
− {ω × (ω × r)}n]

= −m [ω × ṙ + ω × (ω × r)] n

Putting these results together, we have

d
dt

(

∂L
∂ṙn

) −

∂L
∂rn
= m [r̈ + ω̇ × r + 2ω × ṙ + ω × (ω × r)] n +

∂U
∂rn
= 0

In other words, the “Newtonian” equation of motion for r is

mr̈ = −∇U −mω̇ × r − 2mω × ṙ −mω × (ω × r)

Of course, this result is identical to the one described in the previous notes and in
class. All terms involving r are expressed in the rotating frame.
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